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ON THE STRUCTURE THEORY OF CUBESPACE FIBRATIONS
YONATAN GUTMAN AND BINGBING LIANG
Abstract. We study fibrations in the category of cubespaces/nilspaces. We
show that a fibration of finite degree f : X → Y between compact ergodic gluing
cubespaces (in particular nilspaces) factors as a (possibly countable) tower of
compact abelian Lie group principal fiber bundles over Y . If the structure groups
of f are connected then the fibers are approximated uniformly as closely as desired
by quotients by natural co-compact subgroups of a single Lie group associated with
the factorization. In addition we give conditions under which the fibers of f are
isomorphic as subcubespaces.
We introduce regionally proximal relations relative to factor maps between min-
imal topological dynamical systems for an arbitrary acting group. We prove that
any factor map between minimal distal systems is a fibration and conclude that
if such a map is of finite degree then it factors as a (possibly countable) tower of
principal abelian Lie compact group extensions.
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1. Introduction
1.1. General background. The theory of cubespaces and its important subclass
of nilspaces originated in the work of Host and Kra [HK08] under the name of par-
allelepiped structures, and was developed further by Antolín Camarena and Szegedy
[ACS12]. A cubespace is a structure consisting of a compact metric spaceX, together
with a closed collection of cubes Ck(X) ⊆ X2
k
for each integer k ≥ 0, satisfying
certain natural axioms. A nilspace is a cubespace satisfying an additional rigidity
condition 1. The theory has already found applications in higher order Fourier anal-
ysis [Sze12, Tao12], in particular in relation to the inverse theorem for the Gowers
norms [GTZ12], as well as in ergodic theory [GL19, CS18] in relation to the Host-Kra
structure theorem [HK05, HK18]. Cubespaces and nilspaces also played an essential
role in the structure theory of the higher order nilpotent regionally proximal relations
introduced and developed by Glasner, Gutman and Ye in [GGY18].
As the theory of cubespaces/nilspaces has matured, it has been observed that fi-
brations, cubespace morphisms satisfying an additional rigidity condition, are highly
useful2. This notion was introduced in [GMV20a] generalizing the previous notion
of fiber-surjective morphism from [ACS12]. Indeed in [GMV20a, GMV19, GMV20b]
Gutman, Manners and Varjú developed a weak structure theory for fibrations as
an important step in the proof of the structure theorem for minimal topological
dynamical systems of finite degree, i.e., such that the nilpotent regionally proximal
relation of some degree is trivial. According to this theorem such a system may be
represented as an inverse limit of nilsystems (subject to some mild assumptions on
the acting group).
According to the weak structure theorem a fibration of finite degree factors as
a finite tower of compact abelian group extensions. The groups appearing in this
factorization are referred to as the structure groups of the fibration.
In this paper we give a finer structure theory for fibrations building on the Antolín
Camarena-Szegedy fundamental structure theorems for nilspaces. We show that
1For the exact definitions of the class of cubespaces and the subclass of nilspaces see Definitions
1.1 and 1.6 respectively.
2For the exact definition of the class of fibrations (of finite degree) see Definition 1.18 (Definition
1.21).
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a fibration of finite degree between cubespaces obeying some natural conditions
factors as a (possibly countable) tower of Lie-fibered fibrations, i.e., fibrations whose
structure groups are (compact abelian) Lie groups.
Given a fibration of finite degree f : X → Y it is well known that the fibers
f−1(y) are nilspaces. However this by itself does not elucidate the relation between
different fibers. In this paper we are able to give conditions guaranteeing that
all fibers are isomorphic as cubespaces. Moreover, taking advantage of the above-
mentioned factorization into a tower of Lie-fibered fibrations, if the structure groups
of the fibers are connected3 we show that the fibers are approximated uniformly
as closely as desired by quotients by natural co-compact subgroups of a single Lie
group associated with the factorization.
We relate our results to the theory of topological dynamical systems. We show
that any factor map between minimal distal systems π : (G,X) → (G, Y ) where G
is an arbitrary topological group, is a fibration between the associated dynamical
cubespaces. This supplies an abundance of hitherto unknown new examples of
fibrations.
The regionally proximal relations have a long history in topological dynamics
[EG60, Vee68, EK71]. Its relativization, the relativized regionally proximal relations
play a fundamental role in the study of the structure of equicontinuous extensions
[MW73, McM78]. Attesting to its importance is its central use in Bronshtein’s proof
[Bro70]4 of the (relative) Furstenberg structure theorem for minimal distal extensions
[Fur63].
In this article we introduce the relative nilpotent regionally proximal relations for
extensions between minimal systems and analyze its structure. In particular we
show that when an extension between minimal distal systems has trivial relative
nilpotent regionally proximal relation of some degree, then it factors as a (possibly
countable) tower of principal abelian Lie (compact) group extensions5.
1.2. Cubespaces and nilspaces. In this subsection, we define the notions of cube-
space and nilspace and survey their important properties. For more detailed informa-
tion see [ACS12, Can17a, Can17b, CGSS19, GGY18, GMV20a, GMV19, GMV20b].
Definition 1.1. Let k, ℓ ≥ 0 be two integers. A map f = (f1, . . . , fℓ) : {0, 1}
k →
{0, 1}ℓ is called amorphism of discrete cubes if each coordinate function fj(ω1, . . . , ωk)
is either identically 0, identically 1, or equals either ωi or ωi = 1 − ωi for some
1 ≤ i = i(j) ≤ k. If ℓ ≤ k, by an ℓ-face of {0, 1}k we mean a subset of {0, 1}k
obtained from fixing values of (k − ℓ) coordinates. In particular, a (k − 1)-face is
called a hyperface.
3In Proposition 3.8 we show that the structure groups of all fibers are connected iff the structure
groups of f are connected.
4See also [Aus88, Chapter 7].
5For the exact definitions of principal abelian group extensions see Definition 5.1.
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A cubespace is a metric space X, associated with a sequence of closed subsets
C•(X) := {Ck(X) ⊆ X{0,1}
k
: k = 0, 1, · · · } satisfying:
(1) C0(X) = X;
(2) for every integer ℓ ≥ 0, c ∈ Cℓ(X), and morphism of discrete cubes ρ :
{0, 1}k → {0, 1}ℓ, one has that c ◦ ρ ∈ Ck(X).
We call the elements of Ck(X) k-cubes. A map {0, 1}k → X is called a k-
configuration.
A particular class of cubespaces arise from dynamical systems. By a (topolog-
ical) dynamical system (G,X), we mean a continuous action of a topological
group G on a compact metric space X.
Definition 1.2. Let (G,X) be a dynamical system. The Host-Kra cube group
HKk(G) is the subgroup of G{0,1}
k
generated by [g]F for all g ∈ G and hyperfaces F
of {0, 1}k. Here the configuration [g]F ∈ G
{0,1}k sends ω ∈ F to g and eG elsewhere.
The cubespace C•G(X) is defined by taking orbit closures of constant configurations,
i.e.
CkG(X) = {γ.x
{0,1}k : γ ∈ HKk(G), x ∈ X},
where "." is denotes the pointwise action of HKk(G) ⊂ G{0,1}
k
on X{0,1}
k
. We call
(X,C•G(X)) a dynamical cubespace. Similarly if (X,C
•
G(X)) is a nilspace then
we call it a dynamical nilspace.
The cubespaces category has natural notions of subcubespaces, quotients of
cubespaces, and inverse limits of cubespaces. [GMV20a, Remark 3.7, Definition
5.2]. Let us review inverse limits in the category of cubespaces. Let X := lim
←−
Xi be
an inverse system of cubespaces (Xi, C
•(Xi)). Then the cubespace structure on X
is defined via
Ck(X) := lim
←−
Ck(Xi)
where the projections Ck(Xi+1) → C
k(Xi) are induced from the pointwise projec-
tions {Xi+1 → Xi}i.
A cubespace X is called ergodic if every pair of points in X is a 1-cube, i.e.
C1(X) = X{0,1}. Recall that a dynamical system (G,X) is called minimal if the
orbit of every point of X is dense in X. A simple observation is that if (G,X) is
minimal then the induced dynamical cubespace (X,C•G(X)) is ergodic.
A cubespace X is called strongly connected when all Ck(X) are connected.
The first important property of cubespace is the (corner) completion property.
Denote by
−→
1 the element (1, 1, · · · , 1) ∈ {0, 1}k and xk the set {0, 1}k \{
−→
1 }. Let X
be a cubespace, k ≥ 0, and λ : xk→ X a map. We call λ a k-corner if every lower
face of λ is a (k − 1)-cube, i.e. λ|{ω: ωi=0} ∈ C
k−1(X) for all i = 1, · · · , k.
Definition 1.3. We say X has k-completion if every k-corner λ of X can be
completed to a k-cube of X, i.e. λ = c|xk for some c ∈ C
k(X). A cubespace X is
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called fibrant if it has k-completion for every k ≥ 0 (note that a 0-corner is the
empty set).
Let d be the mertic on a compact metric space X. Recall that a dynamical system
(G,X) is called distal if infg∈G d(gx, gx
′) > 0 for any distinct points x, x′ ∈ X.
Example 1.4. Let (G,X) be a minimal distal system. Then the associated Host-
Kra cubespace is fibrant [GGY18, Theorem 7.10]. In general, it is not the case for
nondistal systems [TY13, Example 3.10] [GGY18, Example 9.3].
An important property of fibrant cubespaces is that they are gluing [GMV20a,
Proposition 6.2]. Let us recall the definition as follows. Let c1, c2 : {0, 1}
k → X
be two configurations. The concatenation [c1, c2] : {0, 1}
k+1 → X of c1 and c2 is
defined by sending (ω, 0) to c1(ω) and (ω, 1) to c2(ω) for every ω ∈ {0, 1}
k.
Definition 1.5. We say a cubespace X has the gluing property or is gluing if for
every integer k ≥ 0 and every c1, c2, c3 ∈ C
k(X), [c1, c2], [c2, c3] ∈ C
k+1(X) implies
that [c1, c3] ∈ C
k+1(X).
Another important property of cubespaces is the uniqueness property.
Definition 1.6. A cubespace X has k-uniqueness if for any c1, c2 ∈ C
k(X) such
that c1|xk = c2|xk , one has c1 = c2. Fix s ≥ 0. We say X is a nilspace of degree
at most s or simply an s-nilspace if it is fibrant and has (s+1)-uniqueness. We
say X is a nilspace if it is an s-nilspace for some integer s.
Note that if X has k-uniqueness then X has ℓ-uniqueness for every ℓ ≥ k as one
can apply the k-uniqueness to some suitable k-face of a given ℓ-cube.
Definition 1.7. For a cubespace X, we say a pair of points (x, x′) of X are k-
canonically related, denoted by x ∼k x
′ if there exists c, c′ ∈ Ck+1(X) such that
c|xk+1 = c
′|xk+1, c(
−→
1 ) = x, and c′(
−→
1 ) = x′. The relation ∼k is called the k-th
canonical relation.
For compact gluing cubespaces the k-th canonical relation is an equivalence re-
lation ([GMV20a, Proposition 6.3]). This follows as compact gluing cubespaces
satisfy the so-called universal replacement property [GMV20a, Proposition 6.3]
(see also [ACS12, Lemma 2.5] and [HK08, Proposition 3]):
Proposition 1.8. Let X be a compact gluing cubespace. Fix s ≥ 0. Let k ≤ s + 1
and c ∈ Ck(X). Then if a configuration c′ ∈ X{0,1}
k
has the same image as c under
the quotient map X → X/ ∼s, then c
′ ∈ Ck(X).
Proposition 1.9. [GMV20a, Proposition 6.2] Fibrant cubespaces (in particular
nilspaces) satisfy the gluing property.
Combining Propositions 1.8 and 1.9, we have that the universal replacement prop-
erty for a fibrant cubespace implies (s + 1)-uniqueness for the quotient cubespace
X/ ∼s. Indeed we have:
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Corollary 1.10. Let X be a compact fibrant cubespace. Then X/ ∼s is an s-nilspace
for every s ≥ 0.
The weak structure theorem for nilspaces of finite degree is an important fac-
torization result into a finite tower of compact abelian group principal fiber bundles.
We first recall the definition of a principal fiber bundle and then state the theorem.
Definition 1.11. [Hus94, Definition 2.2] Let G be a topological group. A G-
principal fiber bundle is a surjective continuous map p : E → B between two
topological spaces E and B satisfying the following:
(1) there exists a free continuous action of G on E such that for every x ∈ E
p−1(p(x)) = Gx;
(2) there exists a homeomorphism ϕ : B → E/G such that ϕ◦p is the projection
map E → E/G.
Theorem 1.12. [GMV20a, Theorem 5.4][ACS12, Theorem 1] Let X be a compact
ergodic s-nilspace. Then X factors as
X = X/ ∼s→ X/ ∼s−1→ · · · → X/ ∼0∼= {•}.
where each map X/ ∼k→ X/ ∼k−1 is an Ak-principal fiber bundle for some compact
metrizable abelian group Ak.
The group Ak is called the k-th structure group of X. When all Ak are Lie
groups, X is called Lie-fibered.
1.3. Host-Kra cubespaces. Given a topological group G, a sequence of decreasing
closed subgroups
G = G0 ⊇ G1 ⊇ · · · ⊇ Gs+1 = {1} = Gs+2 = · · ·
is an s-filtration or a filtration of degree s if [Gi, Gj] ⊆ Gi+j for all i, j ≥ 0 (here
[·, ·] denotes the commutator subgroup). In such a case, we call G a filtered group
and write G• to emphasize that it is equipped with some s-filtration.
Definition 1.13. For a filtered metric group G•, the Host-Kra k-cube group
HKk(G•) is defined as the subgroup of G
{0,1}k generated by [x]F for every face
F ⊆ {0, 1}k and x ∈ G(k−dim(F )).
We remark that the Host-Kra k-cube group HKk(G) in Definition 1.2 can be
recovered as HKk(G•) with respect to the 1-filtration:
G = G0 = G1 ⊇ G2 = {1} = · · · .
When G is a filtered topological group and Γ is a discrete cocompact subgroup
of G, G/Γ carries a quotient cubespace structure inherited from the Host-Kra cube
group HKk(G•), which we denote by HK
k(G•)/Γ (see [GMV20a, Definition 2.4] for
more details).
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We summarize the properties of Host-Kra cubes as follows [GMV20a, Appendix
A.4, Propositions 2.5, 2.6].
Proposition 1.14. (G,HK•(G•)) is a nilspace. Moreover, suppose that Γ is com-
patible with G• in the sense that Γ ∩ Gi is discrete and cocompact in Gi for all
i ≥ 0. Then for each k ≥ 0, HKk(G•)/Γ ⊆ (G/Γ)
{0,1}k is a compact subset. Hence
(G/Γ,HK•(G•)/Γ) is a compact nilspace.
Given a Lie group G and a discrete cocompact subgroup the quotient G/Γ (which
carries the structure of a manifold) is termed a nilmanifold. Using nilmanifolds
the structure of a nilspace can be described as follows.
Theorem 1.15. [GMV20b, Theorem 1.28] Suppose that X is a compact ergodic
strongly connected nilsapce. Then X is isomorphic as a cubespace to an inverse
limit lim
←−
Xn of nilmanifolds Xn endowed with Host-Kra cubes.
1.4. Structure theorems for fibrations.
Definition 1.16. Suppose that ϕ : X → Y is a continuous map between two cube-
spaces X and Y . We say ϕ is a cubespace morphism if ϕ sends every cube of X
to a cube of Y . That is, the set {ϕ ◦ c : c ∈ Ck(X)} is contained in Ck(Y ) for every
integer k ≥ 0. We say ϕ is a cubespace isomorphism or simply an isomorphism
if ϕ is a bijection and both ϕ and ϕ−1 are cubespace morphisms.
In the sequel, given an integer n ≥ 1 and a map ϕ : X → Y between metric
spaces, we will use the same notation ϕ to denote the induced map Xn → Y n by
pointwise application of ϕ, when no confusion arises.
Definition 1.17. A cubespace morphism ϕ : X → Y is called relatively k-ergodic
if for any c ∈ Ck(Y ) any configuration of ϕ−1(c) is a cube of X.
It is clear that if ϕ is relatively k-ergodic, ϕ is relatively ℓ-ergodic for each ℓ ≤ k.
Relativizing the concept of corner-completion, fibrations are introduced in [GMV20a,
Definition 7.1]:
Definition 1.18. A cubespace morhpism f : X → Y is called a fibration if f has
k-completion for all k ≥ 0. That is, given a k-corner λ in X, if f(λ) can be
completed to a cube c in Y , then λ can be completed to a cube c0 of X such that
f(c0) = c.
Example 1.19. In the setting of Definition 1.13, the quotient map G → G/Γ
induces a fibration HKk(G•)→ HK
k(G•)/Γ [GMV20a, Proposition A.17].
It is clear that a composition of fibrations is a fibration. By a "corner-lifting" ar-
gument, we have the so-called universal property of fibrations [GMV20a, Lemma
7.8]:
Proposition 1.20. Let f : X → Y be a cubespace morphism and g : Y → Z a map
between cubespaces. Then if f and g ◦ f are fibrations, so is g.
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We recall the relative notion of uniqueness for a cubespace morphism.
Definition 1.21. Let f : X → Y be a cubespace morphism. We say f has k-
uniqueness if for any k-cubes c, c′ of X such that c|xk = c
′|xk and f(c) = f(c
′) we
have c = c′. Moreover, we call f is a fibration of degree at most s or simply an
s-fibration if f is a fibration and has (s+ 1)-uniqueness.
Definition 1.22. Given a fibration f : X → Y , two points x, x′ ∈ X are called
k-canonically related relative to f , denoted by x ∼f,k x
′ , if x ∼k x
′ and
f(x) = f(x′).
The following is a relative version of Corollary 1.10.
Proposition 1.23. [GMV20a, Proposition 7.12] Let f : X → Y be a fibration be-
tween compact gluing cubespaces. Fix s ≥ 0. Then the relation ∼f,s is a closed
equivalence relation and the projection map πf,s : X → X/ ∼f,s is a fibration and
factors through an s-fibration g : X/ ∼f,s→ Y , that is, the relation induces a com-
mutative diagram
X
f

πf,s
##●
●
●
●
●
X/ ∼f,s
g
{{✇
✇
✇
✇
✇
Y.
The induced s-fibration g : X/ ∼f,s→ Y is maximal in the following sense.
Proposition 1.24. Suppose that f : X → Y is a fibration and s ≥ 0. Then the
induced fibration g : X/ ∼f,s→ Y is the maximal s-fibration in the sense that for
each commutative diagram of cubespace morphisms
X
π′
//
f

Z
g′~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
such that π′ is a fibration and g′ is an s-fibration. Then π : X → X/ ∼f,s factors
through π′, i.e. there is a unique fibration ϕ : X/ ∼f,s→ Z for which the following
diagram is commutative:
X
π
//
π′

X/ ∼f,s
ϕ
{{✈
✈
✈
✈
✈
Z.
Now we are ready to state the relative weak structure theorem for fibrations
[GMV20a, Theorem 7.19, Corollary 7.20].
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Theorem 1.25. Let f : X → Y be an s-fibration between compact ergodic gluing
cubespaces. Then f factors as a finite tower of fibrations
X = X/ ∼f,s //
f

X/ ∼f,s−1 // · · · // X/ ∼f,1
rr❢❢❢❢❢
❢❢❢❢❢
❢❢❢❢❢
❢❢❢❢❢
❢❢❢❢❢
❢❢❢❢❢
❢
Y ∼= X/ ∼f,0
,
where each fibration X/ ∼f,k→ X/ ∼f,k−1 is an Ak(f)-principal fiber bundle for a
compact metrizable abelian group Ak(f).
The group Ak(f) in the above theorem is named the k-th structure group of
f . In particular, As(f) is called the top structure group. If all Ak(f) are Lie
groups, f is called Lie-fibered as well as a Lie fibration.
Observe that a cubespace X is an s-nilspace is equivalent to saying that the map
X → {•} is an s-fibration. The following proposition elaborates on this point.
Proposition 1.26. Let f : X → Y be an s-fibration. Then each fiber of f , as a
subcubespace of X, is an s-nilspace.
The main goal of this paper is to describe the structure of an s-fibration. Based
on the relative weak structure theorem, our main endeavor is to relativize various
techniques which appeared in the absolute setting, i.e., we first consider the Lie-
fibered case and then deal with the general case.
One of the innovations in this article is to associate to a fibration f : X → Y the
k-th translation group Autk(f) of f (Definition 2.2). Building on this concept, the
main result we obtain is as follows.
Theorem 1.27. Let g : Z → Y be a fibration of degree at most s between compact
ergodic gluing cubespaces. Then there exists a sequence of compact ergodic gluing
cubespaces {Zn}n≥0, and an inverse system of fibrations {pm,n : Zn → Zm}n≥m of
degree at most s satisfying the following properties:
(1) Z is isomorphic to the inverse limit lim
←−
Zn;
(2) There exists a sequence of Lie fibrations {hn : Zn → Y } that are compatible
with the connecting maps pm,n;
(3) Suppose that g−1(g(z)) is strongly connected for some z ∈ Z. Define zn =
pn(z) as the image of the projection map pn : Z → Zn. Then g
−1(g(z)) is
isomorphic to the inverse limit of nilmanifolds
lim
←−
(Aut◦1(hn)/Stab(zn)).
Moreover, for each k ≥ 0, Ck(g−1(g(z))) is isomorphic to the inverse limit
lim
←−
(HKk(Aut◦•(hn))/Stab(zn)).
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We remark that statements (1) and (2) of the above theorem imply that an s-
fibration factors as an inverse limit of Lie fibrations. This is analogous to the state-
ment in the absolute setting which says that an s-nilspace equals an inverse limit of
Lie-fibered s-nilspaces.
By Proposition 1.26 the fiber g−1(z) is a nilspace. As by assumption g−1(z) is
strongly connected, it holds by Theorem 1.15, that it is isomorphic as a cubespace
to an inverse limit of nilmanifolds endowed with the Host-Kra cubes. However
statement (3) is much stronger as it gives a simultaneous representation for all
fibers of f in terms of the fixed sequence of Lie groups Aut◦1(hn). Thus the fibers are
approximated uniformly as closely as desired by quotients by natural co-compact
subgroups of a single Lie group associated with the factorization6. We note that
the fact that if one fiber is strongly connected then all fibers are strongly connected
follows from Proposition 3.8 in the sequel.
It is natural to ask what can be said for non strongly connected fibers. The general
answer is not known, however in [R78] Rees exhibited a certain minimal distal
extension of a rotation on a solenoid for which all fibers are not homeomorphic. As
such an extension is a fibration we see that necessarily its fibers are not isomorphic.
Rees also proved that the fibers of a minimal distal extension of a path-connected
system are homeomorphic. Inspired by this result we prove the following theorem,
relying on a homotopy argument and the relative weak structure theorem.
Theorem 1.28. Let g : Z → Y be a fibration of degree at most s between compact
ergodic gluing cubespaces. Suppose that Y is path-connected and g is Lie-fibered.
Then for any y0, y1 ∈ Y there is a cubespace isomorphism between g
−1(y0) and
g−1(y1) as cubespaces.
1.5. Fibrations arising from dynamical systems. Proving that a cubespace
morphism is a fibration is in general non-trivial. Turning to topological dynami-
cal systems we show they provide a hitherto unknown source of new examples of
fibrations.
Theorem 1.29. Let π : X → Y be a factor map of minimal systems such that X
is fibrant (e.g., X is minimal distal). Then π is a fibration between the associated
dynamical cubespaces.
The proof given in Section 5 uses the relative Furstenberg structure theorem for
distal extensions of minimal systems.
Remark 1.30. Another rich source of s-fibrations is found in ergodic theory. In
[GL19], Gutman and Lian studied the question when an ergodic abelian group ex-
tension of a strictly ergodic system admits a strictly ergodic distal model. Under
6This follows from the following lemma: For an inverse limit Z = lim
←−
Zn arising
from continuous maps pn : (Z, d) → (Zn, dn) between compact metric spaces, we have
limn→∞ supy∈Zn diam(p
−1(y), d)=0. As each Zn is homeomorphic to a disjoint union of quotients
of Aut◦
1
(hn), the approximation is uniform for all fibers simultaneously.
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some sufficient conditions they proved that the associated topological model map is
actually an s-fibration.
1.6. The relative nilpotent regionally proximal relation. In [GGY18] Glas-
ner, Gutman, and Ye introduced the so-called nilpotent regionally proximal relations
for actions of arbitrary groups. For minimal actions by abelian groups these relations
coincide with the regionally proximal relations introduced by Host, Kra and Maass
[HKM10], generalizing the classical (degree 1) definition of Ellis and Gottschalk
[EG60]. The regionally proximal relations are not equivalence relations in general.
However [Vee68, EK71, McM78] proposed various sufficient conditions under which
the regionally proximal relations of degree 1 are equivalence relations. In particular
this is the case for minimal abelian group actions [SY12]. In [GGY18] it was proven
unexpectedly that for any minimal action (G,X), the nilpotent regionally proximal
relation of degree s, denoted by NRP[s](X), is an equivalence relation and more-
over using [GMV20b, Theorem 1.4], under some restrictions on the acting group, it
corresponds to the maximal dynamical nilspace factor (also known as pronilfactor)
of order at most s. Moreover NRP[1](X) corresponds to the maximal abelian group
factor of (G,X) for any acting group G.
We recall the definition from [GGY18]. Let x, x′ ∈ X be two points of a metric
space X. Denote by xk(x, x′) the map {0, 1}k → X assigning the value x′ at
−→
1 and
x elsewhere.
Definition 1.31. Let (G,X) be a dynamical system. We say a pair of points
(x, x′) of X are nilpotent regionally proximal of order k, denoted by (x, x′) ∈
NRP
[k](X), if xk+1(x, x′) ∈ Ck+1G (X).
Theorem 1.32. [GGY18, Theorem 3.8] If (G,X) is minimal, then NRP[k](X) is
a closed G-invariant equivalence relation for every k ≥ 0.
Definition 1.33. Let π : (G,X) → (G, Y ) be a factor map of dynamical systems.
We define the relative nilpotent regionally proximal relation of order k
w.r.t. π, denoted by NRP[k](π), as the intersection of NRP[k](X) with Rπ :=
{(x, x′) ∈ X2 : π(x) = π(x′)}.
Proposition 1.34. [GMV20a, Lemma 7.17] For a factor map π : X → Y of
dynamical systems, we have NRP[k](π) =∼π,k. In particular, NRP
[k](X) =∼k.
From Theorem 1.32, we see that for any factor map π between minimal systems
NRP
[k](π) is a closed G-invariant equivalence relation.
Let us discuss the relation between NRP[k](π) and several classical (relative)
relations.
Definition 1.35. Let π : (G,X)→ (G, Y ) be a factor map. The relative proximal
relation P(π) is defined as those pairs (x, y) ∈ Rπ such that d(gix, giy) approaches
0 for some sequence {gi}i of G. The map π is called a distal extension if P(π) is
12 YONATAN GUTMAN AND BINGBING LIANG
trivial. In particular, (G,X) is called a distal system if and only if P((G,X)→ {•})
is trivial. When G is abelian, for every positive integer k, we define the relative
k-th regionally proximal relation of π, denoted by RP[k](π), by the collection
of pairs (x, y) ∈ Rπ such that there exist sequences of elements (xi, yi) ∈ Rπ and
(g1i , · · · , g
k
i ) ∈ G
k satisfying that
lim
i→∞
(xi, yi) = (x, y), and lim
i→∞
d((
k∑
j=1
ǫjg
j
i )xi, (
k∑
j=1
ǫjg
j
i )yi) = 0
for every (ǫ1, · · · , ǫd) ∈ {0, 1}
d \ {
−→
0 }.
Penazzi gave some algebraic conditions under which the relative regionally prox-
imal relation is an equivalence relation [P95]. More about this topic may be found
in [Vri93, Chapter V.2].
Let G be an abelian group and π : (G,X) → (G, Y ) a factor map of minimal
systems. From [GGY18, Proposition 8.9], we have that RP[k](X) ⊆ NRP[k](X).
As a consequence, we have the following proposition.
Proposition 1.36. Let G be an abelian group and π : (G,X) → (G, Y ) a factor
map of minimal systems. Then P(π) ⊆ RP[1](π) ⊆ RP[k](π) ⊆ NRP[k](π). In
particular, If NRP[k](π) is trivial, π is a distal extension.
Remark 1.37. (1) For a factor map π : (G,X) → (G, Y ) of minimal systems,
since RP[1](π) ( RP[1](X) ∩ Rπ in general (even for G = Z) [Vri93, Re-
mark (2.2.3), Page 411], we have in particular in general that RP[1](π) (
NRP
[1](π).
(2) Recall thatRP[1](π) generates the maximal equicontinuous factor (G,X/RP[1](π))→
(G, Y ) (see [Vri93, Chapter V, Theorem 2.21]). One may wonder whether
NRP
[1](π) corresponds to the maximal factor which is a principal abelian
group extension7 of the base space. It turns out that this is not true. In-
deed, from the famous Furstenberg counterexample [GGY18, Remark 7.19],
a principal abelian group extension of minimal (distal) systems is not neces-
sarily of finite degree relative to the factor system. To see this, recall that
Furstenberg’s example is given by the projection map π : (T2, T ) → (T, S).
Here T sends (x, y) to (x+ α, y+ ϕ(x)) for some continuous map ϕ : T→ T
and irrational number α. Since (T, S) is a minimal abelian group system,
by [GGY18, Lemma 8.4], NRP[k](T) ⊆ NRP[1](T) are trivial for all k ≥ 1.
This implies that NRP[k](T2) ⊆ Rπ and hence NRP
[k](π) = NRP[k](T2) is
not trivial.
7see Definition 5.1.
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Systems of finite degree8 were introduced in [HKM10] for Z-actions. In [GGY18]
they were defined for general group actions and investigated from a structural point
of view. Recall that a minimal system (G,X) is called a system of degree at most
s if NRP[s](X) equals the diagonal subset ∆ of X2 ([GGY18, Definition 7.1]). It is
thus natural to define:
Definition 1.38. Let π : X → Y be a factor map of minimal systems. We say π is
an extension of degree at most s (relative to Y ) if NRP[s](π) = ∆.
In Section 6 we develop the structure theory of extensions of finite degree. Our
main structural theorem, proven in Section 6, is an application of Theorem 1.27 in
the dynamical setting:
Theorem 1.39. Let π : (G,X)→ (G, Y ) be an extension of degree at most s between
minimal distal systems. Then the following holds:
(1) The map π is an s-fibration.
(2) There exists a sequence of dynamical systems {(G,Zn)}n≥0, and an inverse
system of factor maps {pm,n : (G,Zn) → (G,Zm)}n≥m such that (G,X) =
lim
←−
(G,Zn).
(3) There exists a sequence of factor maps {hn : (G,Zn) → (G, Y )} which are
Lie fibrations and are compatible with the connecting maps pm,n.
Question 1.40. Let π : X → Y be an extension of degree at most s between minimal
systems such that π is a fibration. Is every fiber of π isomorphic as a cubespace to
an inverse limit of nilmanifolds?
Remark 1.41. It is important to point out that in the relative setting, G does
not immerse into Aut1(π) because G does not fix the fibers of π. This is a crucial
obstruction not existing in the absolute setting, making Question 1.40 non-trivial.
Remark 1.42. It is interesting to compare Theorem 1.39 to a refinement of the
relative Furstenberg structure theorem due to Bronshtein (see [Bro, 3.17.8]) which
states that a distal extension of metric minimal dynamical systems factors as (a
possibly countable) tower of isometric extensions9 where the fibers are given by
quotients of compact Lie groups by closed subgroups. Note however that these
compact Lie groups are not necessarily abelian.
1.7. Conventions. Throughout the paper, all spaces are metric spaces and G de-
notes a topological group. When we discuss an s-fibration, the underlying cube-
spaces are always assumed to be compact ergodic and have the gluing property.
Unless specified otherwise k always denotes a non-negative integer.
8Also known as systems of finite order.
9See Definition 5.3.
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1.8. Structure of the paper. Theorem 1.27 is proven in Sections 2 and 3, where
Section 2 is solely devoted to the Lie-fibered case of statement (3). In Section 4
we prove Theorem 1.28 and in Section 5 we prove Theorem 1.29. The final section,
Section 6 is devoted to extensions of finite degree and the proof of Theorem 1.39.
1.9. Acknowledgements. Y.G. was partially supported by the National Science
Centre (Poland) grant 2016/22/E/ST1/00448. B.L. would like to acknowledge the
support from the Institute of Mathematics of the Polish Academy of Sciences.
2. Strongly connected fibers
In this section, we prove the Lie-fibered case of Theorem 1.27(3). Recall that
an s-fibration g : Z → Y between compact ergodic gluing cubespaces is called Lie
fibered if all structure groups Ak(g) of g are Lie groups. In light of Theorem 1.25,
we write gs−1 : Z/ ∼g,s−1→ Y for the induced (s− 1)-fibration, which we may call
the canonical (s− 1)-th factor of g.
2.1. The main steps of the proof. Let us first recall the notion of the k-th
translation groups of a cubespace. For a compact cubespace X, denote by Aut(X)
the collection of cubespace isomorphisms of X.
Definition 2.1. Fix k ≥ 0. We say ϕ ∈ Aut(X) is a k-translation if for every
n ≥ k, (n − k)-face F ⊆ {0, 1}n, and c ∈ Cn(X), the map {0, 1}n → X sending
ω ∈ F to ϕ(c(ω)) and c(ω) elsewhere is still a cube of X. The k-th translation
group Autk(X) of X is defined as the collection of all k-translations of X.
Let d be the metric on X. For each homeomorphism φ : X → X, define
||φ|| := max
x∈X
d(x, φ(x)).
Then the compact-open topology of the group of homeomorphisms of X, denoted
by Homeo(X), can be induced from the metric
d(φ, ψ) := ||φ ◦ ψ−1||.
In particular, as a closed subgroup of Homeo(X), Aut(X) is a metric space. When
we say ϕ ∈ Homeo(X) is (appropriately) small, we mean ||ϕ|| is (appropriately)
small; if f ◦ ϕ = f , we say ϕ fixes the fibers of f .
Now consider a fibration f : X → Y . To study the cubespace structure of the
fibers of f , we introduce the notion of the k-th translation group of f . Note that
each fiber f−1(y) is a subcubespace of X.
Definition 2.2. The k-th translation group of f is defined as
Autk(f) := {ϕ ∈ Homeo(X) : ϕ|f−1(y) ∈ Autk(f
−1(y)) for every y ∈ Y }.
Intuitively this means that each element ϕ of Autk(f) is a homeomorphism of X
such that ϕ fixes the fibers of f and preserves the cubespace structure of fibers in a
strong sense.
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Remark 2.3. It is interesting to compare this definition with the definition of the
fiber preserving automorphism group of a dynamical extension φ : (G,X)→ (G, Y ),
used to characterize (weak) group extensions [Vri93, Chapter V, Remark 4.2 (4)].
When f is an s-fibration, Auts+1(f) = {1} and we obtain a filtration Aut•(f) of
degree s as follows:
Aut1(f) = Aut1(f) ⊇ Aut2(f) ⊇ · · · ⊇ Auts+1(f) = {1}.
We may therefore consider Aut•(f) as a cubespace (furthermore an s-nilspace) en-
dowed with Host-Kra cubes.
Denote by Aut◦k(f) the connected component of Autk(f) containing the identity.
We obtain a filtration of closed groups
Aut◦1(f) = Aut
◦
1(f) ⊇ Aut
◦
2(f) ⊇ · · · ⊇ Aut
◦
s+1(f) = 1.
Similarly to [GMV19, Proposition 3.1], we have
Proposition 2.4. Let g : Z → Y be an s-fibration between compact ergodic gluing
cubespaces. Then As(g) embeds into Auts(g) via sending a to fa, where fa : Z → Z
is given by fa(z) = a.z.
Proof. Fix n ≥ s, y ∈ Y , and c ∈ Cn(g−1(y)). Define A := As(g) and π := πg,s−1.
Since Cn(Ds(A))c = π
−1(π(c)) (see definition of Ds(A) in [GMV20a, Section 5.1]),
we have
g([a]F c) = gs−1 ◦ π([a]F c) = gs−1 ◦ π(c) = g(c) = y
for any face F ⊆ {0, 1}n of codimension s. It follows that fa|g−1(y) ∈ Auts(g
−1(y))
and thus fa ∈ Auts(g). 
As a relative analogue of [GMV19, Proposition 2.17], the following proposition
says that we can also use the evaluation map to construct the desired cubespace
morphism.
Proposition 2.5. Let g : Z → Y be an s-fibration. Fix z ∈ Z and a cube
c of Cn(g−1(g(z))). Then for any (ϕω)ω∈{0,1}n in HK
n(Aut•(g)), (ϕω(c(ω)))ω ∈
Cn(g−1(g(z))). In particular the induced natural map
Aut1(g)/Stab(z)→ g
−1(g(z))
is a cubespace morphism.
Proof. The definition of Aut•(g) guarantees that the map is well defined. The rest
of the argument stays the same as in [GMV19, Proposition 2.17]. 
Recall that a cubespace X is called strongly connected if Ck(X) is connected
for every k ≥ 0. In [GMV19, Theorem 2.18], a strongly connected Lie-fibered
nilspace X is shown to be a nilmanifold using the translation groups Autk(X). For
the relative case, we are now ready to state the structure theorem for a Lie-fibered
fibration of finite degree.
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Theorem 2.6 (The Lie-fibered case of Theorem 1.27(3)). Let g : Z → Y be a
fibration of degree at most s between compact ergodic cubespaces that obey the gluing
condition. Fix a point z ∈ Z. Suppose that g is Lie-fibered, then the following holds.
(1) Aut◦1(g) is a Lie group;
(2) the stablizer Stab(z) of z in Aut◦1(g) is a discrete cocompact subgroup;
(3) if g−1(g(z)) is strongly connected as a subcubespace, then the fiber g−1(g(z))
is homeomorphic to the nilmanifold Aut◦1(g)/Stab(z). Moreover, ther are
cubespace isomorphisms
Ck(g−1(g(z))) ∼= HKk(Aut◦•(g))/Stab(z)
for all k ≥ 1.
The proof of Theorem 2.6 uses the full strength of the relative weak structure
theorem (Theorem 1.25) and will be given at the end of this subsection. Recall that
in [GMV19, Proposition 3.2], for an s-nispace X a canonical group homomorphism
Autk(X) → Autk(X/ ∼s) is exhibited. We adapt the statement and argument for
our relative setting.
Proposition 2.7. Fix s, k ≥ 1. Let g : Z → Y be an s-fibration between compact er-
godic gluing cubespaces. Then there is a canonical continuous group homomorphism
π∗ : Autk(g)→ Autk(gs−1) such that for every ϕ ∈ Autk(g) the diagram
Z
ϕ
//
πg,s−1

g

Z
g
$$■
■■
■■
■■
■■
■■
πg,s−1

πg,s−1(Z)
π∗(ϕ)
//❴❴❴
gs−1
99πg,s−1(Z)
gs−1
// Y
commutes.
Proof. We modify the proof in the absolute setting to the relative case. Denote by
π the projection map πg,s−1. Given ϕ ∈ Autk(g) and y ∈ π(Z), writing y = π(x) for
some x ∈ Z, we define π∗(ϕ)(y) := π ◦ ϕ(x).
We check that π∗ is well-defined. Note that ϕ ∈ Autk(g) ⊆ Aut1(g). By Propo-
sition 2.4, As(g) embeds into Auts(g). Since Aut•(g) is filtered, we conclude that
As(g) commutes with Autk(g). For any y ∈ π(Z) and x, x
′ ∈ π−1(y), there exists a
unique a ∈ As(g) such that x
′ = ax. Then
(π∗(ϕ))(y) := π ◦ ϕ(x
′) = π ◦ ϕ(ax) = π ◦ (aϕ(x)) = π ◦ ϕ(x).
This shows that π∗ is independent of the choice of lifting. The statement that π∗(ϕ)
is a k-translation follows from the facts that ϕ is a k-translation and π is a cubespace
morphism. 
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The first hard ingredient of the proof of Theorem 2.6, used for establishing the
nilmanifold structure in statement (3), is to relativize [GMV19, Proposition 3.3]:
Every element of Autk(gs−1) of sufficient small norm can be realized as the image of
π∗ of some element of Autk(g). The proof will be given in Section 4.2.
Theorem 2.8. Fix s ≥ 1. Let g : Z → Y be an s-fibration between compact
ergodic gluing cubespaces. Assume that As(g) is a Lie group. Then π∗ : Autk(g) →
Autk(gs−1) is open for all k ≥ 1.
The next result is analogous to [GMV19, Theorem 5.2]. As the proof is similar
we omit it.
Theorem 2.9. Let A be a compact abelian Lie group with a metric dA. Fix integers
s ≥ 0 and ℓ ≥ 1. Then there exists ε depending only on s, ℓ and A such that the
following holds.
Let g : Z → Y be an s-fibration between compact ergodic gluing cubespaces. Sup-
pose that f : Z → A is a continuous function such that
dA(f(z), f(z
′)) ≤ ε
for every z, z′ ∈ Z with g(z) = g(z′), and the map ∂ℓf : Cℓg(Z)→ A sending c to∑
ω∈{0,1}ℓ
(−1)|ω|f(c(ω))
is the zero function. Then f is a constant function.
The following is used in the the proof of Theorem 2.6.
Lemma 2.10. Lie-fiberedness of g implies that Stab(z) ⊆ Aut1(g) is discrete for
every z ∈ Z.
Proof. In light of the relative weak structure theorem (Theorem 1.25), Theorem 2.9
guarantees that the argument in the absolute setting may be modified appropriately.

The proof of the following lemma follows the argument of [GMV19, Proposition
3.7] (with the help of Lemma 2.10) so we omit it.
Lemma 2.11. As(g) ⊆ ker(π∗) is open.
Based on Lemma 2.11, we can prove one of the statements of Theorem 2.6.
Corollary 2.12. The 1-translation group Aut1(g) has a Lie group structure.
Proof. First note that Aut1(g0) = Aut1(idY ) = 1 and hence ker(Aut1(g1)→ Aut1(g0)) =
Aut1(g1). By Lemma 2.11, A1(g) is an open subgroup of ker(Aut1(g1)→ Aut1(g0)).
Thus we can extend the differentiable structure of A1(g) onto Aut1(g1).
Inductively assume that Aut1(gs−1) is Lie. By Theorem 2.8, im(π∗) is an open
subgroup of Aut1(gs−1) and hence Lie. Applying the extension theorem for Lie
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groups [Gle51, Theorem 3.1], it suffices to show ker(π∗) has a Lie group structure.
By Lemma 2.11, As(g) ⊆ ker(π∗) is an open subgroup. Thus we can extend the Lie
group structure of As(g) onto ker(π∗). 
The following is an analogue of [GMV19, Lemma 3.10].
Lemma 2.13. Let g : Z → Y be a Lie-fibered s-fibration. Fix 0 ≤ k < s. Then for
any ε > 0 there exists δ > 0 satisfying the following. For any z, z′ ∈ Z such that
z ∼g,k z
′ and d(z, z′) < δ, there is ϕ ∈ Autk+1(g) such that ||ϕ|| < ε and ϕ(z) = z
′.
In particular, for each z ∈ Z, Aut◦k+1(g)z is open in π
−1
g,k(πg,k(z)).
Proof. Based on Proposition 2.7 and Theorem 2.8, similarly to the proof of [GMV19,
Lemma 3.10], we can induct on s to obtain the first conclusion. We now prove that
Aut◦k+1(g)z is open. Fix ϕ ∈ Aut
◦
k+1(g). Let ε > 0 be small enough such that the
ε-ball Bε(id) at the identity is contained in Aut
◦
k+1(g). There exists δ > 0 satisfying
that whenever y, y′ ∈ π−1g,k(πg,k(z)) such that d(y, y
′) < δ, we can find ϕ′ ∈ Bε(id)
such that y = ϕ′(y′).
Note that for y ∈ Bδ(ϕ(z)) ∩ π
−1
g,k(πg,k(z)), we have
πg,k(y) = πg,k(z) = πg,k ◦ ϕ(z).
It follows that y = ϕ′ ◦ ϕ(z) for some ϕ′ ∈ Aut◦k+1(g). Q.E.D. 
The following is an analogue of [GMV19, Lemma 3.12]. Using the relative weak
structure theorem, the proof follows a similar argument, inducting on s.
Lemma 2.14. For each c ∈ Cn(g−1(g(z))), the evaluation map evc : HK
n(Aut◦•(g))→
Cn(g−1(g(z))) sending (ϕω)ω to (ϕω(c(ω)))ω is open.
Proof of Theorem 2.6. Since Aut◦k(g) ⊆ Autk(g) ⊆ Aut1(g) are closed subgroups,
and by Corollary 2.12, Aut1(g) is Lie, we have Aut
◦
k(g) is Lie.
To show that the evaluation map HKn(Aut◦•(g))→ C
n(g−1(g(z))) is surjective, it
suffices to show that the action HKn(Aut◦•(g))y C
n(g−1(g(z))) is transitive. Since
Aut◦k(g) is open in Autk(g) for all k ≥ 0, by a relative version of [GMV19, Lemma
3.15], HKn(Aut◦•(g)) is open in HK
n(Aut•(g)). Thus by Lemma 2.14, the orbits
of HKn(Aut◦•(g)) are open and hence closed in C
n(g−1(g(z))). As by assumption,
Cn(g−1(g(z))) is connected, it implies that the action is transitive. In particular,
the evaluation map evz : Aut
◦
1(g)/Stab(z)→ Z and the induced maps
evn(z) : HK
n(Aut◦•(g))/Stab(z)→ C
n(g−1(g(z)))
by pointwise application are homeomorphisms. Here n(z) denotes the constant
cube of Cn(Z) taking value z.
To see Stab(z) ∩ Aut◦k(g) is co-compact in Aut
◦
k(g) for all k ≥ 0, we first note
by Lemma 2.13 that Aut◦k(g)z is open in π
−1
g,k−1(πg,k−1(z)). Moreover, since orbits
partition the space and Aut◦k(g)z is an orbit, it must be closed and hence compact.
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From the homeomorphism between Aut◦k(g)z and Aut
◦
k(g)/(Stab(z) ∩ Aut
◦
k(g)), we
see that Stab(z) ∩ Aut◦k(g) is co-compact.

2.2. Lifting relative translations. In this subsection, we prove Theorem 2.8.
There are two steps in the proof: (1) lift small translations ϕ in Autk(gs−1) to
a small homeomorphism ψ : Z → Z; (2) replacing ψ with a genuine k-translation of
the form h(·).ψ(·) for some continuous map h : Z → As(g) with small norm. We will
refer to the operation of replacing ψ with a k-translation of the form h(·).ψ(·) as
repairing. Step (2) will be based on a relative version of [GMV19, Theorem 4.11]
[ACS12, Lemma 3.19].
By a careful local section argument for Lie-principal bundles as in [GMV19,
Lemma 4.2], we accomplish the first step by the following lemma.
Lemma 2.15. Let g : Z → Y be an s-fibration between compact ergodic gluing
cubespaces. Assume that As(g) is Lie. Then one can lift every small enough home-
omorphism ϕ of πg,s−1(Z) up to a small homeomorphism ψ : Z → Z such that ψ is
As(g)-equivariant.
Definition 2.16. For a cubespace morphism f : X → Y , we define the k-th fiber
cubes of f as the closed subset
Ckf (X) := ∪y∈Y C
k(f−1(y)).
Definition 2.17. Let ℓ ≥ 1 and n ≥ 0. Given c1, c2 ∈ C
n(X), the generalized ℓ-
corner xℓ(c1; c2) : {0, 1}
n+ℓ → X is given by c2(ω1, · · · , ωn) for ω = (ω1, · · · , ωn,
−→
1 )
and c1(ω1, · · · , ωn) elsewhere.
We need to repair the lift ψ to a k-translation of Autk(g). Unwrapping the
definition, we want to find a small continuous function h : Z → As(g) such that the
map ϕ˜ : Z → Z defined by sending z to h(z).ψ(z) is a k-translation of g. To show
ϕ˜ ∈ Autk(g), we need the following criteron.
Proposition 2.18. [GMV19, Proposition 2.13] Let X be an s-nilspace. Fix 0 ≤
k ≤ s + 1. Then a homeomorphism φ : X → X is a k-translation if and only if for
any (s+ 1− k)-cube c of X the configuration xk(c, φ(c)) is an (s+ 1)-cube.
Applying the above proposition to the cubespace g−1(y), we need to show that
x
k(c; ϕ˜(c)) is an (s+ 1)-cube of g−1(y) for every cube c ∈ Cs+1−k(g−1(y)).
In order to measure the extent to which a configuration is failing to be a cube, let
us introduce the definition of discrepancy in the setting of an s-fibration g : Z → Y .
Abbreviate πg,s−1 by π. Let c : {0, 1}
s+1 → Z be a map such that π(c) ∈ Cs+1(π(Z)),
say, π(c) = π(c0) for some c0 ∈ C
s+1(Z). By the relative weak structure theorem
(Theorem 1.25), there exists a unique map β : {0, 1}s+1 → As(g) such that c = β.c0.
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Definition 2.19. The discrepancy ∆(c) of c is defined as
∆(c) :=
∑
ω∈{0,1}s+1
(−1)|ω|β(ω).
Here |ω| denotes the sum
∑s+1
j=1 ωj for ω = (ω1, · · · , ωs+1).
Following the argument of [GMV19, Proposition 4.5], we have that the discrepancy
is well defined and ∆(c) = 0 if and only if c ∈ Cs+1(Z). We now relativize the notion
of cocycles and coboundaries of cubespaces:
Definition 2.20. Let f : X → Y be a cubespace morphism and A an abelian group.
Fix an integer ℓ ≥ 1. Consider a continuous map ρ : Cℓf(X) → A. We say ρ is an
ℓ-coclycle on fibers of f if it is additive in the sense that
ρ([c1, c3]) = ρ([c1, c2]) + ρ([c2, c3])
for any c1, c2, c3 ∈ C
ℓ−1
f (X) such that the three concatenations in the equation are
in Cℓf(X).
We say ρ is a coboundary if there exists a continuous map h : X → A such that
ρ can be written as
ρ(c) = ∂ℓh(c) :=
∑
ω∈{0,1}ℓ
(−1)|ω|h(c(ω))
for every c ∈ Cℓf(X).
Lemma 2.21. Let ψ : Z → Z be a homeomorphism lifting some element ϕ of
Autk(gs−1). Then the map
ρψ : C
s+1−k
g (Z)→ As(g)
sending c to ∆(xk(c;ψ(c))) is well defined. Moreover, ψ can be repaired to a k-
translation of Autk(g) if ρψ is an (s + 1 − k)-coboundary of some function with
sufficient small norm.
Proof. Fix y ∈ Y and a cube c ∈ Cs+1−k(g−1(y)). Since ϕ ∈ Autk(gs−1), from
π(xk(c;ψ(c))) = xk(π(c); π(ψ(c))) = xk(π(c);ϕ(π(c))),
we have π(xk(c;ψ(c))) is a cube of Cs+1−k(π ◦ g−1(y)). Thus the discrepancy
∆(xk(c;ψ(c))) is well defined and so is ρψ.
Assume ρψ = ∂
s+1−kf for some continuous function f : Z → As(g) with small
norn. We will show it is possible to "integrate f over As(g)" resulting with a function
F : Z → As(g) such that F (ax) = F (x) for every a ∈ As(g) and x ∈ Z. In order
to show that such a procedure is well-defined, let us recall a "lifting up & down"
technique for defining integration. Since As(g) is a compact abelian Lie group,
there exists an isomorphism φ : As(g) → (R/Z)
d × K for some finite-dimensional
torus (R/Z)d and some finite group K. If f is of sufficiently small norm, there
exists a sufficient small δ such that the image of f belongs to a δ-ball B around
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the identity with respect to a given compatible metric. Notice that φ induces an
embedding p : B → Rd. For every x ∈ X, define F (x) as
F (x) := p−1
Ç∫
As(g)
p(f(ax))dm(a)
å
,
where m denotes the Haar measure on As(g). It is easy to check that F is well
defined (see [GMV19, Subsection 5.2] for further explanation).
Notice that the repaired map ϕ˜(x) := F (x).ψ(x) is a bijection and hence is a
homeomorphism. By Lemma 1.26, g−1(y) is an s-nilspace. Applying Proposition
2.18 to it, we obtain that ϕ˜|g−1(y) ∈ Autk(g
−1(y)). Thus ϕ˜ is a k-translation of
Autk(g). 
Let us introduce the notion of concatenation along the k-th axis.
Definition 2.22. Let 1 ≤ k ≤ ℓ + 1. Given a cubespace X and two maps:
c1, c2 : {0, 1}
ℓ → X, the concatenation along the k-th axis [c1, c2]k : {0, 1}
ℓ+1 →
X is defined by sending ω to
c1(ω1, · · · , ωk−1, ωk+1, · · · , ωℓ+1)
if ωk = 0 and c2(ω1, · · · , ωk−1, ωk+1, · · · , ωℓ+1) elsewhere.
In particular, [c1, c2]ℓ+1 is simply the concatenation as defined previously.
We need a variant of [GMV19, Theorem 5.1] to prove Theorem 2.8.
Theorem 2.23. Let A be a compact abelian Lie group. Fix s ≥ 0 and ℓ ≥ 1. Then
there exists ε > 0 (depending only on s, ℓ, and A) satisfying the following.
Let β : Z → Y be an s-fibration. Fix 0 < δ < ε. Suppose that ρ : Cℓβ(Z) → A is
an ℓ-cocycle on fibers of β such that d(ρ(c), ρ(c′)) ≤ δ whenever c, c′ are cubes on
the same fiber of β. Then
ρ = ∂ℓf
for some continuous function f : Z → A which is almost constant on fibers of β, i.e.
there exists a constant c > 0 (depending only on s and ℓ) such that d(f(x), f(y)) ≤ cδ
whenever β(x) = β(y).
Proof. The proof uses a similar argument to the one used in the proof of [GMV19,
Theorem 5.1]. To modify the proof of [GMV19, Lemma 5.7], consider the set
T ℓ1 := {t : {0, 1}
ℓ−1 → As(β) : [
−→
0 , t] ∈ Cℓ(Ds(As(β)))}.
Then for any c ∈ Cℓ−1β (Z) and t ∈ T
ℓ
1 , we have [c, t.c] ∈ C
ℓ
β(Z). Therefore ρ
′ :
Cℓ−1β (Z)→ A sending c to
ρ′(c) :=
∫
T ℓ1
ρ([c, t.c]k)dµT ℓ1 (t)
is well defined. Here µT ℓ1 denotes the measure on T
ℓ
1 induced from the Lebesgue
measure (see [GMV19, Subsection 5.2] for more details).
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
Proof of Theorem 2.8. Without loss of generality, we may assume k ≤ s. Since
π∗ is a group homomorphism, it suffices to show it is open at the identity. Let
ϕ ∈ Autk(gs−1) be an element of small norm. We need to find a small ϕ˜ in Autk(g)
such that
πg,s−1 ◦ ϕ˜ = ϕ ◦ πg,s−1.
By Lemma 2.15, we can lift ϕ to a small homeomorphism ψ : Z → Z fixing fibers of
g. Since ψ is of small norm, for any c ∈ Cs+1−kg (Z), x
k(c, ψ(c)) is close to the (s+1)-
cube k(c) ∈ Cs+1(Z). Thus the discrepancy ∆(xk(c, ψ(c))) is close to ∆(k(c)) =
0, where k(c) : {0, 1}s+1 → Z sends ω = (ω1, · · · , ωs+1) to c(ω1, · · · , ωs+1−k). This
implies that the image of the (s + 1 − k)-cocycle ρψ has small diameter. Thus we
can apply Theorem 2.23 to write ρψ as
ρψ = ∂
s+1−kf
for some continuous map f : Z → As(g) whose fibers are close to constant values.
Then we can define f as
f = f˜ ◦ g + h
for some continuous maps f˜ : Y → As(g) and h : Z → As(g) such that h is almost
constant 0As(g) (in the sense of Theorem 2.23).
Note that for any c ∈ Cs+1−kg (Z), g(c) is a constant cube. It follows that ρψ =
∂s+1−kh. Since ψ fixes the fibers of πg,s−1 and ϕ fixes the fibers of gs−1, we have
that ψ fixes fibers of gs−1 ◦ πg,s−1 = g. Since the image of h is contained inside
As(g) ⊆ Auts(g), for each z ∈ Z, h(z) also fixes fibers of g. Therefore, we have
g(h(z).ψ(z)) = g(ψ(z)) = g(z),
i.e. ϕ˜ := h.ψ fixes the fibers of g. In summary, we prove that ϕ˜ ∈ Autk(g).
Finally, since h is close to the constant function 0As(g), the repairing ϕ˜ of small ψ
will also be small as desired. 
3. Approximating by Lie-fibered fibrations
In this section, we complete the proof of Theorem 1.27.
3.1. The main steps of the proof. Let g : Z → Y be an s-fibration between
compact ergodic gluing cubespaces. To deal with the general case as in [GMV20b,
Theorem 1.28], we need to first represent Z as an inverse limit lim
←−
Zn respecting the
fibers of g as in [GMV20b, Theorem 1.26], and then endow the fibers of the fibrations
Zn → Y with Host-Kra cube structure to obtain the cubespace isomorphism.
The following is an analogue of [GMV20b, Theorem 1.26] and covers the state-
ments (1) and (2) of Theorem 1.27.
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Theorem 3.1. Fix s ≥ 1. Let g : Z → Y be an s-fibration between compact ergodic
gluing cubespaces. Then Z is isomorphic to an inverse limit
lim
←−
Zn
for an inverse system of s-fibrations between compact ergodic gluing cubespaces
{pm,n : Zn → Zm}0≤m≤n≤∞ and compatible Lie-fibered s-fibrations {hn : Zn → Y }.
Here "compatible" means the following diagram commutes:
Z //
g

· · · // Zn
pn−1,n
//
hn
···
uu❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧ Zn−1
// · · · // Z1
h1
rr❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞
Y := Z0.
Let us start with some preliminary steps. Since every compact abelian group
equals an inverse limit of compact abelian Lie groups [GMV20b, Lemma 2.1], we
can write the top structure group As(g) of g as an inverse limit of Lie groups An
with A0 = {0}, i.e.
As(g) = lim←−
An.
Denote by Kn the kernel of the quotient homomorphism As(g) → An and denote
the orbit space of Z under the action of by Kn, by Z
(n)
∞ , i.e. Z
(n)
∞ := Z/Kn.
Lemma 3.2. Z(n)∞ has the gluing property.
Proof. Let c1, c2, c
′
2, c3 ∈ C
k(Z) such that [c1, c2], [c
′
2, c3] ∈ C
k+1(Z) and c2 = c′2 in
Ck(Z(n)∞ ). We want to show [c1, c3] ∈ C
k(Z(n)∞ ).
Proposition 3.3. Let f : X → Y, g : Y → Z and h : X → Z be three cubespace
morphisms such that h = g ◦ f . Suppose that h has k-completion and g has k-
uniqueness. Then f has k-completion.
Proof. Assume that λ is a k-corner of X such that f(λ) = c|xk for some k-cube c of
Y . We want to show there exists x ∈ f−1(c(
−→
1 )) completing λ as a cube of X.
Note that g(c) is a k-cube extending (g ◦ f)(λ) = h(λ). Since h has k-completion,
there exists x ∈ h−1(g(c(
−→
1 ))) completing λ to be a k-cube of X. Thus (g ◦ f)(x) =
h(x) = g(c(
−→
1 )). Thus f(x) completes f(λ) as another k-cube sharing the same
g-image as c. But since g has k-uniqueness, it implies that f(x) = c(
−→
1 ). This
finishes the proof. 
Recall that for a compact abelian group A, Ds(A) denotes the Host-Kra cubespace
with respect to the s-filtration:
A = A0 = A1 = · · · = As ⊇ As+1 = {0}.
By the relative weak structure theorem (Theorem 1.25), there exists a unique α ∈
Ck(Ds(Kn)) such that c
′
2 = α.c2. Note that [α, α] ∈ C
k+1(Ds(Kn)). Thus [α.c1, α.c2]
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is a (k + 1)-cube of X. gluing with [c′2, c3], we obtainthat [α.c1, c3] ∈ C
k+1(X). In
particular, [c1, c3] ∈ C
k(Z(n)∞ ). Thus Z
(n)
∞ has the gluing property. 
Denote by βn : Z → Z
(n)
∞ the quotient map. By the definition of Z
(n)
∞ , g uniquely
factors through βn via a map g
(n) : Z(n)∞ → Y. Since g has (s+1)-uniqueness, applying
the universal replacement property in a similar way to the proof of Proposition 1.23,
we have g(n) has (s + 1)-uniqueness again. Since g is a fibration, by Proposition
3.3, βn : Z → Z
(n)
∞ is fibrant for cubes of dimension greater than s. Applying the
universal replacement property of Z, β is fibrant for cubes of dimension less than
s+1. Thus β is a fibration. By Proposition 1.20, g(n) is again a fibration and hence
is an s-fibration. Applying the (s + 1)-uniqueness of g again, we see that β has
(s + 1)-uniqueness and hence is an s-fibration. Moreover, we have
πg(n),s−1(Z
(n)
∞ ) = πg,s−1(Z) = Z
(0)
∞ .
In summary, we have the commutative diagram:
Z
βn

g
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇
Z(n)∞

g(n)
((P
PP
PP
PP
PP
πg,s−1(Z)
gs−1
// Y.
By the inductive hypothesis, the (s − 1)-fibration gs−1 : πg,s−1(Z) → Y factors
as an inverse limit of a sequence of Lie-fibered (s − 1)-fibrations ψ0,m : Z
(0)
m → Y
along with compatible fibrations ψm,∞ : πg,s−1(Z) → Z
(0)
m . In fact, since gs−1 is an
(s − 1)-fibration, so are ψ0,m and ψm,∞. Here it is convenient to denote Y by Z
(0)
0
and Z by Z(∞)∞ .
To factor g(n) properly based on the factorization of gs−1, we will introduce some
key definitions stemming from the following lemma, which a variant version of Propo-
sition 2.7.
Lemma 3.4. Let X, Y, Z be three compact ergodic gluing cubspaces and ϕ : X → Y
a fibration. Let g : X → Z and h : Y → Z be two s-fibrations such that g = h ◦ ϕ.
Then there exists a unique fibration ψ : πg,s−1(X)→ πh,s−1(Y ) such that the following
diagram
X
ϕ
//
πg,s−1

g

Y
h
$$■
■■
■■
■■
■■
■■
πh,s−1

πg,s−1(X)
ψ
//❴❴❴
gs−1
99πh,s−1(Y )
hs−1
// Z
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commutes.
Proof. Using g = h ◦ ϕ, one can directly check that πh,s−1 ◦ ϕ factors through πg,s−1
by a unique map ψ such that πh,s−1 ◦ ϕ = ψ ◦ πg,s−1. By the universal property of
fibrations [GMV20a, Lemma 7.8], ψ is a fibration. From
hs−1 ◦ ψ ◦ πg,s−1 = hs−1 ◦ πh,s−1 ◦ ϕ = h ◦ ϕ = g = gs−1 ◦ πg,s−1,
we obtainhs−1 ◦ ψ = gs−1. This shows that the diagram is commutative. 
Definition 3.5. With the setup in Lemma 3.4, we say that ψ is the shadow of
ϕ. Moreover, we say ϕ is horizontal if it satisfies one of the following equivalent
conditions:
(1) ϕ(x) 6= ϕ(x′) for any x 6= x′ ∈ X with x ∼g,s−1 x
′;
(2) for any x ∈ X, the appropriate restriction of ϕ induces a bijection between
π−1g,s−1(πg,s−1(x)) and π
−1
h,s−1(πh,s−1(ϕ(x)));
(3) the equivalence relation ∼ϕ,s−1 is trivial.
Now we are ready to formulate the relative version of [GMV20b, Proposition 2.5].
Proposition 3.6. Let Z(n)∞ , βn, g
(n), ψm,∞, etc. be as above. There exists a strictly
increasing sequence M1,M2, . . . of positive integers satisfying the following. For
each n ∈ N and m ≥ Mn, there is a compact ergodic gluing cubespace Z
(n)
m and an
s-fibration
h(n)m : Z
(n)
m → Y
satisfying that:
(1) ψ0,m is the canonical (s− 1)-th factor of h
(n)
m with top structure group An;
(2) there is a horizontal s-fibration ϕ(n)m : Z
(n)
∞ → Z
(n)
m such that g
(n) = h(n)m ◦ϕ
(n)
m
and ψm,∞ is the relative shadow of ϕ
(n)
m ;
(3) If m1 ≤ m2 and n1 ≤ n2 are such that Z
(n1)
m1
and Z(n2)m2 are both defined, then
the fibers of ϕ(n2)m2 ◦ βn2 refine the fibers of ϕ
(n1)
m1
◦ βn1.
In summary, we have a commutative diagram
Z(n)∞
ϕ
(n)
m
//❴❴❴❴❴❴❴
An

g(n)

Z(n)m
h
(n)
m
&&◆
◆
◆
◆
◆
◆
◆
An

✤
✤
✤
Z(0)∞
ψm,∞
//
gs−1
77Z
(0)
m
ψ0,m
// Y.
Proof of Theorem 3.1. Using the notation of Proposition 3.6, we define Zn =
Z
(n)
Mn
and the fibration hn = h
(n)
Mn
. Note that the top structure group of hn is the Lie
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group An. By the induction hypothesis, the canonical (s− 1)-factor ψ0,Mn of hn is
Lie-fibered. Combining these two facts, we have that hn is Lie-fibered.
Define pn,∞ = ϕ
(n)
Mn
◦βn. Since both ϕ
(n)
Mn
and βn are s-fibrations, so is pn,∞. Then
for every n < ℓ <∞, the fibers of pℓ,∞ refine the fibers of pn,∞. Thus by Proposition
1.20, pn,∞ and pℓ,∞ induce a unique fibration pn,ℓ such that pn,∞ = pn,ℓ ◦ pℓ,∞.
Moreover, we obtain a commutative diagram
Z //
g

pℓ,∞
//
pn,∞
''
Zℓ
pn,ℓ
//❴❴❴❴❴❴❴
hℓ
ww♦♦♦
♦♦♦
♦♦♦
♦♦♦
♦♦
Zn
hn
ss❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣
Y.
For every 0 ≤ n < ℓ < o ≤ ∞, the condition pn,ℓ ◦ pℓ,o = pn,o may be verified in a
similar way to the absolute setting. We verify that the inverse system Zn separates
points of Z. Let z, z′ be two distinct points of Z. If πg,s−1(z) 6= πg,s−1(z
′), then
ψMn,∞ ◦ πg,s−1(z) 6= ψMn,∞ ◦ πg,s−1(z
′) as n is large enough. Since ψMn,∞ is the
relative shadow of ϕ
(n)
Mn
, we have
ψMn,∞ ◦ πg,s−1 = πhn,s−1 ◦ ϕ
(n)
Mn
◦ βn = πhn,s−1 ◦ pn,∞.
It follows that pn,∞(z) 6= pn,∞(z
′).
If πg,s−1(z) = πg,s−1(z
′), then there is a unique a ∈ As(g) such that z
′ = az. Note
that a /∈ Kn as n is large enough. Thus βn(z) 6= βn(z
′). Since ϕ
(n)
Mn
is horizontal, we
get
pn,∞(z) = ϕ
(n)
Mn
◦ βn(z) 6= ϕ
(n)
Mn
◦ βn(z
′) = pn,∞(z
′).

The following is an analogue of [GMV20b, Theorem 1.27] [ACS12, Theorem 4].
We will give the proof in Section 5.3.
Theorem 3.7. Let X, Y, Z be three compact ergodic gluing cubespaces. Suppose
that ϕ : X → Y is a fibration, and g : X → Z and h : Y → Z are two Lie-fibered
s-fibrations such that g = h ◦ ϕ. Then for every i ≥ 1, ϕ induces a surjective
continuous group homomorphism
Φ: Aut◦i (g)→ Aut
◦
i (h)
such that Φ(u) ◦ ϕ = ϕ ◦ u for all u ∈ Aut◦i (g). In summary,the following diagram
is commutative:
X
u
//
ϕ

X
g
''❖❖
❖❖❖
❖❖❖
❖❖❖
❖❖❖
ϕ

Y
Φ(u)
//❴❴❴❴❴❴❴ Y
h
// Z.
ON THE STRUCTURE THEORY OF CUBESPACE FIBRATIONS 27
Proof of Theorem 1.27. Statement (1) and (2) have been proven in Theorem 3.1.
Let us prove statement (3). The case s = 0 is trivial since g is clearly a cubespace
isomorphism and each fiber of g is simply a singleton. We now assume s ≥ 1.
By Theorem 3.1, since the diagram commutes, we can first define g−1(g(z)) as an
inverse limit of h−1n (g(z)) by restricting the projection map Z → Zn. By Theorem
2.6, h−1n (g(z)) = h
−1
n (hn(zn)) is isomorphic to Aut
◦
1(hn)/Stab(zn). Thus
g−1g(z) ∼= lim←−
(h−1n hn(zn))
∼= lim←−
(Aut◦1(hn)/Stab(zn)).
To see that the above isomorphism is a cubespace isomorphism, apply Theorem
3.7 to the fibration pn−1,n and Lie-fibered s-fibrations hn and hn−1, to obtain a
surjective continuous homomorphism
Φn−1,n : Aut
◦
i (hn)→ Aut
◦
i (hn−1).
This induces an inverse limit lim
←−
(HKk(Aut◦•(hn))/Stab(zn)) for every k ≥ 0. By
Theorem 2.6, Ck(h−1n (hn(zn))) is isomorphic to HK
k(Aut◦•(hn))/Stab(zn). Thus we
obtain the desired cubespace isomorphism. 
The following proposition gives a a useful condition for verifying when a nilspace
fiber is strongly connected.
Proposition 3.8. Let f : X → Y be a fibration of degree at most d with structure
groups A1, . . . , Ad, then for all y ∈ Y , the subcubespaces f
−1(y) are nilspaces of
degree at most d with structure groups A1, . . . , Ad.
Proof. Recall that for each k ≥ 0 and y ∈ Y , Ck(f−1(y)) is given by the restriction
Ck(X)∩(f−1(y)){0,1}
k
. Since f is a fibration, for each k-corner λ of f−1(y), f(λ) can
be completed as a constant k-cube, we have λ can be completed as a cube of f−1(y).
Thus f−1(y) has k-completion. Since f has (d + 1)-uniqueness, it guarantees that
f−1(y) has (d+1)-uniqueness. This proves that f−1(y) is a nilspace of degree at most
d. Now we show the top structure group of f−1(y) is Ad. The case for other structure
groups use the same argument which we omits. Set Ad = A and y = f(x) for some
x ∈ X. By the construction of A in the proof of [GMV20a, Theorem 7.19], for every
a ∈ A, we have f(ax) = f(x) and ax ∼d−1 x. Let p : f
−1(y) → f−1(y)/ ∼d−1 be
the canonical projection map. It follows that f−1(y) is A-invariant and moreover
Ax ⊆ p−1(p(x)). On the other hand, if x′ ∈ f−1(y) and x′ ∼d−1 x, by the relative
weak structure theorem, there exists a unique a ∈ A such that x′ = ax. So we have
Ax = p−1(p(x)). Thus A is the top structure group of f−1(y). 
3.2. Straight classes and sections. To prove Proposition 3.6, we need an ana-
logue of [GMV20b, Proposition 2.13]. Let us start with some preliminary steps.
Definition 3.9. Let X,Z,W be three compact ergodic gluing cubespaces. Given an
s-fibration g : X → Z and a fibration ψ : πg,s−1(X) → W , we call a subset D ⊆ X
is a straight ψ-class if there exists w ∈ W such that
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(1) D∩π−1g,s−1(u) is a singleton for every u ∈ ψ
−1(w) and D is the union of those
singletons;
(2) a configuration c : {0, 1}s+1 → D is a cube if and only if πg,s−1(c) is a cube
of W .
In short, D is a πg,s−1-lifting of some fiber of ψ respecting cube structure.
Consider a configuration c : {0, 1}s+1 → X inducing a cube πg,s−1(c). In light
of the relative weak structure theorem (Theorem 1.25) and [GMV20a, Proposition
5.1], there exists a unique element a ∈ As(g) such that the application of a to c at
(0, · · · , 0) ∈ {0, 1}s+1 results with a cube of X. We call such an element a ∈ As(g)
the discrepancy of c and denote it by D(c).
Let U ⊆ W be an open subset. We say a continuous map σ : ψ−1(U) → Z is a
straight section if
(1) πg,s−1 ◦ σ = idU ;
(2) for any c1, c2 ∈ C
s+1(ψ−1(U)) with ψ(c1) = ψ(c2), we have D(σ(c1)) =
D(σ(c2)).
We remark that the straightness of a section σ implies that σ maps every fiber of
ψ onto a straight ψ-class.
The following lemma is a relative version of [GMV20b, Lemma 2.7].
Lemma 3.10. Let X, Y, Z be three compact ergodic gluing cubspaces and ϕ : X → Y
be a fibration. Let g : X → Z and h : Y → Z be two s-fibrations such that g = h◦ϕ.
If ϕ is horizontal, denoting by ψ the shadow of ϕ, then each fiber of ϕ is a straight
ψ-class.
The following lemma is a relative analogue of [GMV20b, Proposition 2.8], based
on [GMV20b, Theorem 1.25] and the relative weak structure theorem (Theorem
1.25).
Lemma 3.11. Suppose that g : X → Z is an s-fibration between compact ergodic
gluing cubespaces such that the top structure group is a Lie group A. Then for any
ε > 0 there is δ > 0 satisfying the following property.
Let ψ : πg,s−1(X) → W be an (s − 1)-fibration to another compact ergodic gluing
cubespace W such that ψ is a δ-embedding in the sense that every fiber of ψ has
diameter less than δ. Then for every c ∈ Cs+1(πg,s−1(X)), there is an open set
U ⊆W satisfying that
(1) the image of c is contained inside ψ−1(U);
(2) there is a straight ψ-section σ : ψ−1(U) → X with diam(σ(ψ−1(b))) ≤ ε for
every b ∈ U .
In particular, every x ∈ X is contained in a ψ-class of small diameter (explicitly,
x ∈ a.σ ◦ ψ−1(ψ ◦ πg,s−1(x)) for some a ∈ A ).
The following is a relative analogue of [GMV20b, Proposition 2.9].
ON THE STRUCTURE THEORY OF CUBESPACE FIBRATIONS 29
Lemma 3.12. Let g : X → Z be an s-fibration such that the top structure group is
a Lie group A. Then there exists δ > 0 depending only on g satisfying the following.
Let ψ : πg,s−1(X)→W be an (s− 1)-fibration for another compact ergodic gluing
cubespace W . Suppose that D1 and D2 are two straight ψ-classes with the same
image of πg,s−1 and the restriction πg,s−1|D1∪D2 is a δ-embedding. Then D1 = aD2
for some a ∈ A.
Proof. Since ψ is a fibration, by Proposition 1.26, the space B := πg,s−1(D1) is a
compact ergodic nilspace. Applying [GMV19, Theorem 5.2] to the nilspace B, we
obtain ε = ε(s, s+ 1, A) of [GMV19, Theorem 5.2]. Define δ = ε/2.
Denote by σi : B → Di the inverses of πg,s−1 restricted to Di for i = 1, 2. Let f :
B → A be the continuous function determined by the equation σ2(y) = f(y).σ1(y)
for all y ∈ B. Since D1 and D2 are straight classes, for every c ∈ C
s+1(B), σ1(c) and
σ2(c) are cubes of X. Thus by the relative weak structure theorem (Theorem 1.25),
∂s+1(f(c)) = 0. Since πg,s−1|D1∪D2 is a δ-embedding, we have that the diameter of
im(f) is less that ε. Applying [GMV19, Theorem 5.2], f is constant. Q.E.D. 
Remark 3.13. We note that the assumption on ψ in Lemmas 3.11 and 3.12 is
weaker than the corresponding assumption in the absolute setting in [GMV20b].
Combining Lemmas 3.11 with 3.12, the straight ψ-classes induce an equivalence
relation which we denote by ≈ψ. This equivalence relation allows us to construct
the desired cubespaces and fibrations stated in Proposition 3.6.
Lemma 3.14. Let g : X → Z be an s-fibration such that the top structure group
is a Lie group A. Write π = πg,s−1. Then there exists δ > 0 depending only on g
satisfying the following.
Let ψ : πg,s−1(X)→W be an (s−1)-fibration such that ψ is a δ-embedding. Then
the induced equivalence relation ≈ψ from the straight ψ-classes is closed. Moreover,
let u : W → Z be an (s− 1)-fibrations with gs−1 = u ◦ ψ. Then it holds:
(1) the quotient map ϕ : X → X/ ≈ψ is a fibration and induces a fibration
π′ : X/ ≈ψ→W and an s-fibration u
′ := u ◦ π′ such that ϕ is horizontal and
the diagram below commutes
X
ϕ
//❴❴❴❴❴❴❴❴
Aπ

g

X/ ≈ψ
π′

✤
✤
✤
u′
''P
P
P
P
P
PP
πg,s−1(X)
ψ
//
gs−1
66W
u
// Z;
(2) the top structure group of u′ is A and π′ = πu′,s−1;
Proof. Based on Lemma 3.12, the fact that the relation ≈ψ is closed follows from
the argument of [GMV20b, Proposition 2.13]. It is clear from the definition of the
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equivalence relation that the induced map π′ is well-defined and ψ◦π = π′◦ϕ. From
gs−1 = u ◦ ψ, we have
g = gs−1 ◦ π = u ◦ ψ ◦ π = u ◦ π
′ ◦ ϕ = u′ ◦ ϕ.
Thus ψ is the shadow of ϕ.
We show ϕ is a fibration. Since g is an s-fibration and u is an (s − 1)-fibration,
by a similar argument to the one in the proof of [GMV20b, Lemma 2.14], we have
that u′ has (s+1)-uniqueness. By Proposition 3.3, ϕ is fibrant for k-corners of every
k ≥ s+ 1. From the fact that ϕ is relatively s-ergodic (see Definition 1.17) and the
fact that ψ is a fibration, it follows that ϕ is fibrant for corners of lower dimension.
Note that A respects straight ψ-classes. Thus X/ ≈ψ inherits an A-action from the
A-action on X. Moreover, the straightness guarantees that W is exactly the orbit
space induced and hence π′ = πu′,s−1 and A is the top structure group of u
′.

Proof of Proposition 3.6. For each fixed n applying Lemma 3.14 to the s-fibration
g(n) : Z(n)∞ → Y , we obtain a δn satisfying the desired property. Take Mn large
enough such that for every m ≥ Mn, ψm,∞ is a δn-embedding. Then we obtain the
desired s-fibration h(n)m : Z
(n)
m → Y and a horizontal fibration ϕ
(n)
m : Z
(n)
∞ → Z
(n)
m such
that g(n) = h(n)m ◦ ϕ
(n)
m from Lemma 3.14.
In light of Lemma 3.12, following the argument as in the absolute setting, it holds
that the fibers of ϕ(n2)m2 ◦βn2 refine the fibers of ϕ
(n1)
m1
◦βn1 for n1 ≤ n2,Mn1 ≤ m1 ≤ m2
with Mn2 ≤ m2. 
3.3. Relations between relative translations. For an s-fibration g : Z → Y
between compact ergodic gluing cubespaces, denote by Autεi (g) the ε-neighborhood
of the identity in Auti(g) under the metric
d(f, g) := max
x∈X
d(f(x), g(x)).
By Corollary 2.12, Auti(g) is a Lie group. Thus Aut
◦
i (g) is a group generated by
Autεi (g) as ε is small enough. Then Theorem 3.7 is a consequence of the following
general result.
Theorem 3.15. Fix i ≥ 1. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-
fibrations such that g = h◦ϕ and g, h are Lie fibrations. Then for any ε > 0 there is
δ > 0 satisfying the following property. For any u ∈ Autδi (g) there is u
′ ∈ Autεi (h),
and conversely for any u′ ∈ Autδi (h) there is u ∈ Aut
ε
i (g), such that u
′ ◦ ϕ = ϕ ◦ u.
We introduce vertical fibrations [GMV20b, Definition 3.2] as follows.
Definition 3.16. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations
such that g = h ◦ϕ. We say ϕ is a vertical fibration if for any x, x′ ∈ X such that
πh,s−1 ◦ ϕ(x) = πh,s−1 ◦ ϕ(x
′), one obtains that πg,s−1(x) = πg,s−1(x
′).
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We can factor a fibration in a relative way in contrast with [GMV20b, Proposition
3.3].
Proposition 3.17. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations
such that g = h ◦ ϕ. Then there exists a compact ergodic gluing cubespace W and
an s-fibration k : W → Z such that ϕ factors as
ϕ = ϕh ◦ ϕv
for some vertical fibration ϕv : X → W (with respect to g and k) and horizontal
fibration ϕh : W → Y (with respect to k and h). In summary, the following diagram
is commutative:
X
ϕ

ϕv
''❖
❖
❖
❖
❖
❖
❖ g

W
ϕh
ww♦ ♦
♦
♦
♦
♦
♦
k
''❖
❖
❖
❖
❖
❖
❖
Y
h
// Z.
Proof. Define W = X/ ∼ϕ,s−1. Denote by ϕv the quotient map X →W and ϕh the
induced map W → Y . Define k := h ◦ ϕh. Then it is routine to check the desired
properties by definition. 
The following lemma is an analogue of [GMV20b, Proposition 3.5].
Lemma 3.18. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations such
that g = h◦ϕ. Let u ∈ Auti(g). Suppose that the fibers of ϕ refine the fibers of ϕ◦u.
Then there is a unique relative translation u′ ∈ Auti(h) such that u
′ ◦ ϕ = ϕ ◦ u.
Proof. By Proposition 1.20, there exists a unique fibration u′ : Y → Y such that
u′ ◦ ϕ = ϕ ◦ u. We check that u′ ∈ Auti(h).
Firstly, since u fixes the fibers of g, we have u′ fixes fibers of h. Let n ≥ i, y ∈ Y ,
and c ∈ Cn(h−1(h(y))). Since fibrations are surjective [GMV20a, Corollary 7.6], we
have that c = ϕ(c˜) for some c˜ ∈ Cn(X). Choose some x ∈ X such that ϕ(x) = y. It
follows that c˜ ∈ Cn(g−1(g(x))). Let F ⊆ {0, 1}n be a face of codimension i. Since
u ∈ Auti(g), we have [u]F .c˜ ∈ C
n(g−1(g(x))). Thus [u′]F .c = ϕ([u]F .c˜) is a cube of
h−1(h(y)). 
The following lemma is an analogue of [GMV20b, Lemma 3.6].
Lemma 3.19. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations such
that g = h ◦ ϕ and ϕ is vertical. Fix u ∈ Aut1(g). Then for any x, x
′ ∈ X with
ϕ(x) = ϕ(x′), one has ϕ ◦ u(x) = ϕ ◦ u(x′).
Proof. Since ϕ is vertical, we have x ∼s−1 x
′ and hence xs(x, x′) is a cube. Moreover,
since u ∈ Aut1(g), we obtain an (s + 1)-cube [x
s(x, x′), xs(u(x), u(x′))]. Hence c :=
ϕ([xs(x, x′), xs(u(x), u(x′))]) is also an (s+1)-cube. On the other hand, by ergodicity
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of Y , we have another (s + 1)-cube c′ := ϕ([s(x),s(u(x))]). Note that c|xs+1 =
c′|xs+1 and h(c) = 
s+1(g(x)) = h(c′). By the (s+ 1)-uniqueness of h, it holds that
ϕ(u(x)) = c′(
−→
1 ) = c(
−→
1 ) = ϕ(u(x′)).

Combining Lemmas 3.18 with 3.19, we complete the pushing-forward part of
Theorem 3.15 for vertical fibrations.
Proposition 3.20. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations
such that g = h ◦ ϕ. Suppose that ϕ is vertical. Then there is a continuous homo-
morphism Φ: Auti(g)→ Auti(h) such that
Φ(u) ◦ ϕ = ϕ ◦ u
for any u ∈ Auti(g).
Now we deal with the horizontal case.
Proposition 3.21. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations
such that g = h◦ϕ. Suppose that ϕ is horizontal and g, h are Lie fibrations. Then for
any ε > 0 there exists δ > 0 satisfying the following property. For any u ∈ Autδi (g)
there is u′ ∈ Autεi (h) such that u
′ ◦ ϕ = ϕ ◦ u.
Proof. By Proposition 3.18, it suffices to show as δ is small enough every map in
Autδi (g) preserves ϕ-fibers. We induct on s to prove this.
The case s = 0 is trivial as ϕ is a cubespace isomorphism. Denote by ψ : πg,s−1(X)→
πh,s−1(Y ) the shadow of ϕ. By the induction hypothesis, there exists δ0 > 0 such
that any element of Autδ0i (gs−1) preserves ψ-fibers. Let u ∈ Aut
δ
i (g) for δ to be
decided later. By Proposition 2.7, u induces a map v := π∗(u) ∈ Auti(gs−1). As δ is
small enough, we have v ∈ Autδ0i (gs−1). By the induction hypothesis, we have that
v preserves ψ-fibers.
Let y ∈ Y and fix a point x0 ∈ ϕ
−1(y). Define z = ϕ(u(x0)). We show that
D1 := u(ϕ
−1(y)) = D2 := ϕ
−1(z) by applying Proposition 3.12 to the Lie fibration
g. Note that u(x0) ∈ D1 ∩ D2. By Lemma 3.10, D2 is a straight ψ-class. Since
v preserves ψ-fibers, we can deduce that D1 is also a straight ψ-class. Denote by
δ′ the number δ in Proposition 3.12. Finally, one can check that πg,s−1|D1∪D2 is a
desired δ′-embedding as δ is small. This will force that D1 = D2.

Following the argument of [GMV20b, Proposition 3.9], based on Propositions 3.20
and 3.21, and Lemmas 2.13 and 2.10, we obtain the following proposition.
Proposition 3.22. Let ϕ : X → Y, g : X → Z and h : Y → Z be three s-fibrations
such that g = h◦ϕ and g, h are Lie fibrations. Then for any ε > 0 there exists δ > 0
satisfying the following property. For any u′ ∈ Autδi (h) there is u ∈ Aut
ε
i (g) such
that u′ ◦ ϕ = ϕ ◦ u.
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Proof of Theorem 3.15. By Proposition 3.17, in order to prove the first state-
ment, it is enough to consider the cases that ϕ is horizontal and vertical separately.
These two cases are dealt with in Propositions 3.20 and 3.21 respectively. The
second statement follows from Proposition 3.22. 
4. Isomorphisms between fibers of a fibration
In this section we prove Theorem 1.28 which gives a natural condition under which
the fibers of a Lie-fibered s-fibration are isomorphic as subcubespaces.
Let us first recall the covering homotopy theorem [C17, Theorem 2.1] [Ste51,
Theorem 11.3].
Theorem 4.1 (Covering homotopy theorem). Let p : E → B and q : Z → Y be fiber
bundles with the same fiber F , where B is compact. Let h0 be a bundle map
E
‹h0
//
p

Z
q

B
h0
// Y.
Let H : B × I → Y be a homotopy of h0, i.e. h0 = H|B×{0}. Then there exists a
covering H˜ of the homotopy H by a bundle map
E × I
H˜ //❴❴❴
p×id

Z
q

B × I
H
// Y.
Proof of Theorem 1.28. We first modify the homotopy argument of [R78, Theorem
5.1] to obtain a local homeomorphism and then repair it to a cubespace isomorphism.
By compactness, the isomorphism can be built globally.
Denote by I the interval [0, 1]. Since Y is path-connected, there exists a continuous
map H0 : {y0} × I → Y such that H0(y0, 0) = y0 and H0(y0, 1) = y1. Define
R = im(H0) and yt = H0(y0, t). For every i = 0, 1, · · · , s − 1 abbreviate by πi the
map πg,i : Z/ ∼g,i+1→ Z/ ∼g,i. We first show for every 0 ≤ i ≤ s there exists an
interval Ii := [0, ti] for some ti = ti(y0) > 0 and a continuous map
Gi : g
−1
i (y0)× Ii → g
−1
i (R)
such that
(1) Gi(x, 0) = x for all x ∈ g
−1
i (y0), i.e. Gi is a homotopy of inclusion map;
(2) Gi(·, t) : g
−1
i (y0)→ g
−1
i (yt) is a cubespace isomorphism for every t ∈ Ii.
The case i = 0 is clear since the fibers of g0 are singletons and G0 := H0 works.
Inductively, suppose that we have a continuous map Gs−1 : g
−1
s−1(y0)×Is−1 → g
−1
s−1(R)
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with the desired properties. Consider the fiber bundle map given by the inclusion
map
g−1(y0)
πs−1

i
// (gs−1)
−1(R)
πs−1

(gs−1)
−1(y0)
i
// (gs−1)
−1(R)
Clearly Gs−1 is a homotopy of the inclusion map i : (gs−1)
−1(y0) → (gs−1)
−1(R).
Applying Theorem 4.1 to this bundle map, we obtain a fiber bundle map Hs such
that the following diagram
g−1(y0)× Is−1
πs−1×id

Hs
//❴❴❴❴❴ g−1(R)
πs−1

(gs−1)
−1(y0)× Is−1
Gs−1
// (gs−1)
−1(R).
commutes and Hs(x, 0) = x for all x ∈ g
−1(y0). In particular, for every t ∈ Is−1, Hs
restricts to a continuous map from g−1(y0) × {t} to g
−1(yt). As πs−1 is a principal
As(g)-bundle map, it holds that this restriction map is a homeomorphism.
By the induction hypothesis Gs−1(·, t) is a cubespace isomorphism for every t ∈
Is−1. Thus the discrepancy
ρHs(·,t) : C
s+1(g−1(y0))→ As(g)
is well defined for every t ∈ Is−1. Since Hs is a homotopy, as t is small enough, say,
t ∈ Is := [0, ts] for some 0 < ts ≤ ts−1, Hs(·, t) is of sufficiently small norm. Thus by
[GMV19, Theorem 4.11] (or [ACS12, Lemma 3.19]), ρHs(·,t) is a coboundary map.
Furthermore, since Hs is continuous, it can be repaired to a (continuous) homotopy
Gs : g
−1(y0)× Is → g
−1(R)
which restricts to a cubespace isomorphism from g−1(y0)× {t} to g
−1(yt) for every
t ∈ Is. This completes the inductive step.
Finally, for every y ∈ R, the above argument shows in particular that for every
t ∈ I, there exists δt > 0 such that g
−1(yu) is isomorphic to g
−1(yu′) as cubespaces
for every u, u′ in the ball (t−δt, t+δt). By compactness, we obtain a finite open cover
of I consisting of open balls such that the g-fibers over each ball are isomorphic as
cubespaces. Then a finite composition of isomorphisms give an isomorphism between
g−1(y0) and g
−1(y1). 
Remark 4.2. In the statement of Theorem 1.28, it is desirable to drop the assump-
tion that g is a Lie fibration. Let us explain the obstruction. Note that the proof
of Theorem 1.28 is based on an induction with a finite number of steps. To deal
with the general case, one may apply the factorization of g as an inverse limit of Lie
fibrations in Theorem 1.27. However, after an infinite steps of induction, one fails
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to obtain a homotopy for some strictly positive time interval. This gives rise to the
obstruction to construct the desired cubespace isomorphism.
5. Factor maps between minimal distal systems are fibrations
In this section, we prove that every factor map between minimal distal systems is
a fibration for the induced cubespace morphism. Recall that the Ellis semigroup
E(G,X) of (G,X) is the closure of G in XX equipped with the product topology.
Definition 5.1. Let (G,X) be a dynamical system and K a compact group acting
on X such that the action of K commutes with the action by G. We say a factor
map π : (G,X)→ (G, Y ) is a (topological) group extension by K if
Rπ := {(x, x
′) ∈ X2 : π(x) = π(x′)} = {(x, kx) : x ∈ X, k ∈ K}.
If furthermoreK is an abelian group and K acts on X freely, we say π is a principal
abelian group extension10.
Lemma 5.2. Let (G,X) be a minimal system and π : X → Y a group extension by
a compact group K. Then K embeds into E(G,X) as a subgroup.
Proof. Let M be a minimal left ideal in the universal enveloping semigroup SG of
G and u an idempotent in M . Fix a point x0 in ϕ(u)X. Define y0 = π(x0) and
H = ϕ(u)M . By the universal property of the universal enveloping semigroup,
there exists an epimorphism ϕ : H → E(G,X) (see [Vri93, Page 446] and [Vri93,
Appendix D, Theorem D.7] for definition).
From [Vri93, Theorem 4.19], we know K is isomorphic to F/A for F = {h ∈
H : ϕ(h)(y0) = y0} and A = {h ∈ H : ϕ(h)(x0) = x0}. Thusit suffices to show
ker(ϕ) = A.
It is clear that ker(ϕ) ⊆ A. Assume h ∈ A. Since X is minimal, E(G,X) is
homeomorphic to X via the evaluation map evx0. Moreover, evx0 conjugates the
map E(G,X)→ E(G,X) sending g to gϕ(h) and the map X → X sending gx0 to
gϕ(h)x0. Thus it holds that ϕ(h) = idX and hence ker(ϕ) = A. 
Definition 5.3. A factor map π : X → Y is an isometric extension if there exists
a continuous function d : Rπ :→ R such that
(1) for every y ∈ Y the restriction map d|π−1(y)×π−1(y) is a metric on π
−1(y);
(2) d(gx, gx′) = d(x, x′) for every g ∈ G and (x, x′) ∈ Rπ.
The following lemma says that every isometric extension between minimal systems
factors through group extensions.
Lemma 5.4. [Gla03, Page 15] A factor map π : X → Y is an isometric extension
of minimal systems if and only if there exists a compact group K and a closed
10Comparing to Definition 1.11, it is easy to see that a group extension π : (G,X)→ (G, Y ) by
a compact group K which acts freely on X is a K-principal bundle.
36 YONATAN GUTMAN AND BINGBING LIANG
subgroup H of K such that X admits a group extension X˜ by H and Y admits a
group extension X˜ by K such that the diagram
X˜ //
$$■
■■
■■
■■
■■
■ X(
∼= X˜/H)
π

Y (∼= X˜/K)
commutes.
The following proposition which says that fibrations are stable under inverse lim-
its.
Proposition 5.5. Let pi,i+1 : Xi+1 → Xi be a fibration for every i = 0, 1, 2, · · · .
Denote by X the inverse limit of Xi. Then the induced map f : X → X0 is a
fibration. Similarly, the degree of fibrations is also preserved by the inverse limit
operation.
Proof. Denote by pn the projection map X → Xn. Assume that λ is a k-corner of
X such that f(λ) extends to a cube c of X0. We need to complete λ as a cube via
some point (xi)i of X such that f((xi)i) = c(
−→
1 ).
Note that p1(λ) is a k-corner of X1 and p0,1 ◦ p1(λ) = f(λ) extends to a cube of
X0 via c(
−→
1 ). Since p0,1 is a fibration, there exists u1 ∈ (p0,1)
−1(c(
−→
1 )) completing
p1(λ) as a cube of X1.
Now p2(λ) is a k-corner of X2 and p1,2 ◦ p2(λ) = p1(λ) extends to a cube of X1
via u1. Since p1,2 is a fibration, there exists u2 ∈ (p1,2)
−1(u1) completing p2(λ) as a
cube of X2. Inductively, if α is a limit ordinal, we obtaina point (ui)i<α in Xα such
that
p0,α((ui)i<α) = p0,1(u1) = c(
−→
1 ).
Here for every i < α, ui completes pi(λ) = pi,α ◦ pα(λ) as a cube of Xi. Thus (ui)i<α
completes pα(λ) as a cube of Xα. We proceed by induction. 
Proof of Theorem 1.29. The relative Furstenberg structure theorem states that a
distal extension of minimal systems is given by a (countable) transfinite tower11
of isometric extensions [Vri93, Chapter V, Theorem 3.34]. Applying Proposition
5.5, we reduce to the case where π is an isometric extension. By Lemma 5.4 and
Proposition 1.20, we can further reduce to the case where π is a group extension by
a compact group K.
Fix k ≥ 1. Suppose that λ is a k-corner of X such that π(λ) can be extended to a
cube c of Y . Since X is fibrant, we can extend λ to be a cube via some point x0 in
X. It follows that π(x0) and c(
−→
1 ) are (k − 1)-canonically related. Since (G,X) is
11This is defined in [Vri93, Appendix E14.3, E15.5].
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minimal, from [GGY18, Theorem 6.1], we have NRPk−1(Y ) = (π×π)(NRPk−1(X)).
Thus by Proposition 1.34, we have
(π(x0), c(
−→
1 )) ∈ NRPk−1(Y ) = (π × π)(NRPk−1(X)).
Thus there exists (x, z) ∈ NRPk−1(X) such that π(x) = π(x0) and π(z) = c(
−→
1 ).
Now since π is a group extension by K, there exists a unique a ∈ K such that
x0 = ax. By Proposition 1.8, it suffices to show (x0, az) ∈ NRP
k−1(X). Indeed, in
such a case, az completes λ as a cube and π(az) = π(z) = c(
−→
1 ).
By Lemma 5.2, K embeds into the Ellis semigroup E(G,X). Thusthere exists a
net (gα)α inG such that gαx→ ax for every x ∈ X. Denote by F the upper hyperface
{(ω, 1) : ω ∈ {0, 1}k}. It follows that [gα]F c → [a]F c for every c ∈ C
k+1(X). Note
that [gα]F ∈ HK
k+1(G), thus by definition, we have [a]F ∈ E(HK
k+1(G), Ck+1(X)).
Since (x, z) ∈ NRPk−1(X), we obtain a k-cube xk(x, z). By the duplication prop-
erty of cubespaces12, we know [xk(x, z), xk(x, z)] is a (k + 1)-cube. Applying [a]F
to (xk(x, z), xk(x, z)), we obtain another cube [xk(x, z), xk(x0, az)]. In particular,
x
k(x0, az) is a k-cube. Thus (x0, az) ∈ NRP
k−1(X). 
6. Extensions of finite degree
In this section we investigate extensions of finite degree (see Definition 1.38).
Proposition 6.1. Let s ≥ 1 and f : (G,X) → (G, Y ) an extension of degree at
most s such that X is minimal distal. Then f factors as a tower of principal abelian
group extensions:
(G,X) //
f

(G,X/NRPs−1(f)) // · · · // (G,X/NRP[1](f))
rr❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞❞
❞❞❞❞❞
(G, Y )
,
Proof. Since X is minimal distal, by [GGY18, Theorem 7.10], it is fibrant. From
Theorem 1.29, f is a fibration. By Proposition 1.9, fibrant cubespaces have the glu-
ing property. Thus applying Proposition 1.23, we conclude that f is an s-fibration.
Since X is minimal, it is an ergodic cubespace and hence so are the induced quotient
spaces. From Proposition 1.34, NRP[s](f) =∼f,s. By Theorem 1.25, f is factored
as stated. It suffices to show every successive map in the tower is a principal abelian
group extension. Let us show, for example, fs : (G,X) → (G,X/NRP
s−1(f)) is a
principal abelian group extension by the structure group As.
Since NRP[s](f) is a G-invariant closed equivalence relation, the quotient map fs
is a factor map. By Theorem 1.25, fs is an As-principal fiber bundle. Thus we need
12If c is an ℓ-cube of X , it follows that [c, c] is an (ℓ + 1)-cube of X . This is referred to as the
duplication property of cubespaces.
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only to show As commutes with the G-actions. Recall that in [GGY18, Page 48],
As is constructed as
As = NRP
s−1(f)/ ∼f ,
where (x, x′) ∼f (y, y
′) if and only if f(x) = f(x′), f(y) = f(y′) and [xs(x, x′), xs(y, y′)] ∈
Cs+1G (X). Denote by [x, x
′]f the equivalence class of (x, x
′). Fix x ∈ X, a ∈ As and
t ∈ G. We need to show a(tx) = t(ax). Set x′ = ax. By definition [GGY18, Page 49],
(x, x′) ∈ NRPs−1(f) and a = [x, x′]f . Applying (
s(e),s(t)) ∈ HKs+1(G) to the
(s+1)-cube [xs(x, x′), xs(x, x′)]. We obtain another (s+1)-cube [xs(x, x′), xs(tx, tx′)].
Note that f(tx) = tf(x) = tf(x′) = f(tx′). It follows that
a = [tx, tx′]f = [tx, t(ax)]f .
In particular, by definition of As-actions, we obtain a(tx) = t(ax). 
Recall the definition of maximal s-fibration in Proposition 1.24. In [GGY18,
Theorem 7.15], it was shown that for a minimal system (G,X), the maximal s-
nilspace factor of (X,C•G(X)) coincides with X/NRP
[s](X). As a relative version
of this, we have
Proposition 6.2. Let f : X → Y be a factor map of minimal distal systems. Then
g : X/NRP[s](f) → Y is the maximal s-fibration for every s ≥ 0 and g is an
extension of degree at most s relative to Y .
Proof. From Proposition 1.34, we know NRP[s](f) =∼f,s. By Proposition 1.24,
g : X/NRP[s](f)→ Y is the maximal s-fibration. Moreover, NRP[s](g) =∼g,s= ∆.
Thus g is an extension of degree at most s relative to Y . 
In general, given a factor map f : X → Y of minimal systems, from Proposition
1.36, the induced map g : X/NRP[k](f)→ Y is a distal extension and has (k + 1)-
uniqueness.
Question 6.3. (1) Is g a fibration?
(2) More generally, if f is distal, can one conclude that f is a fibration? In
[TY13, Example 3.10], Tu and Ye considered the projection map of the
Denjoy minimal system onto the unit circle and showed that it is not a
fibration. However it is also not distal.
Recall that a minimal system (G,X) is called a system of degree at most s if
NRP
[s](X) = ∆. In [GGY18, Theorem 7.14], it is proved that (G,X) is a system of
degree at most s if and only if it is an s-nilspace. As a relative analogue of this result,
we remark that if the answer of Question 6.3 (1) is positive, then we will obtain a
dynamical characterization of s-fibration. That is, for a factor map f : X → Y of
minimal systems, f is an extension of degree at most s relative to Y if and only if
f is an s-fibration.
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Proof of Theorem 1.39. By Proposition 6.2, π is an s-fibration. Applying Theorem
1.27, we obtain a factorization of π by s-fibrations pm,n : Zn → Zm and Lie fibrations
hn : Zn → Y which are compatible with each other. It suffices to show that every
pm,n is a factor map. We induct on the degree s in order to prove this.
The case s = 0 is trivial since then π is an isomorphism. Assume that the
statement is true for s−1. Recall that in the proof of Theorem 1.27, the space Zn is
constructed as a quotient space X/ ≈ψn based on a fibration map ψn : ππ,s−1(X)→
Bn for some cubespace Bn. To show pm,n is a factor map, it suffices to show that
the equivalence relation ≈ψn is G-invariant. By the induction hypothesis, ψn is
G-equivariant. Let x ≈ψn x
′ for some x, x′ ∈ X. Then for every s ∈ G
ψ(ππ,s−1(sx)) = ψ(sππ,s−1(x)) = sψ(ππ,s−1(x)) = sψ(ππ,s−1(x
′)).
Thus sx ≈ψn sx
′. 
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